ZARISKI DECOMPOSITIONS ON ARITHMETIC SURFACES 
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Abstract. In this paper, we establish the Zariski decompositions of arithmetic M- 
divisors of continuous type on arithmetic surfaces and investigate several prop- 
erties. We also develop the general theory of arithmetic R-divisors on arithmetic 
varieties. 
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Introduction 

Let S be a non-singular projective surface over an algebraically closed field 
and let Div(S) be the group of divisors on S. An element of Div(S) <8>z R is 
called an R-divisor on S. In addition, it is said to be effective if it is a linear 
combination of curves with non-negative real numbers. The problem of the 
Zariski decomposition for an effective R-divisor D is to find a decomposition 
D = P + N with the following properties: 

(1) P,NeDiv(S)® z R. 

(2) P is nef, that is, (P • C) > for all reduced and irreducible curves C on S. 

(3) N is effective. 

(4) Assuming N 0, let N = C\C\ -\ + c/Q be the decomposition such that 

C\,...,C\ G R >0 and Ci, . . . , Q are reduced and irreducible curves on S. Then 
the following (4.1) and (4.2) hold: 

(4.1) (P • Q) = for all i. 

(4.2) The I x I matrix given by ((Q ■ Cj))i^ is negative definite. 
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In 1962, Zariski ||T9l established the decomposition in the case where D G Div(S). 
By the recent work due to Bauer [1J (see also Section d), P is characterized by the 
greatest element in 

{M G Div(S) <8> z R | D - M is effective and M is nef}. 

In this paper, we would like to consider an arithmetic analogue of the above 
problem on an arithmetic surface. In order to make the main theorem clear, we 
need to introduce a lot of concepts and terminology 

• Green functions for R-di visors. Let V be an equidimensional smooth projective 
variety over C. An element of Div(V)R := Div(V) ®z R is called an M.-divisor on 
V. For an R-divisor D on V, we would like to introduce several types of Green 
functions for D. We set D = a\D\ + ■ ■ ■ + a\D\, where a.\, . . ,,a\ G R and D/s are 
reduced and irreducible divisors on V. Letg : V — > RU {±00} be a locally integrable 
function on V. We say g is a D-Green function ofC°°-type (resp a D-Green function 
of C°-type) on V if, for each point x e V, there are a small open neighborhood U x 
of x, local equations f\,...,f of D lr . . . , D; over LI* respectively and a C°°-function 
(resp. continuous function) u x over U x such that 

g = u x + ^(-flf) log [£| 2 (a.e.) 

i=l 

holds on LT X . These definitions are counterparts of C°°-metrics and continuous 
metrics. Besides them, it is necessary to introduce a degenerated version of 
semipositive metrics. We say g is a D-Green function of PSH R -£ype on V if the 
above u x is taken as a real valued plurisubharmonic function on U x (i.e., u x is 
a plurisubharmonic function on U x and u x (y) £ R for all 1/ 6 LZ Z ). To say more 
generally, let be the sheaf consisting of locally integrable functions, that is, 

£\ oc {U) = {g:LT^RU{±oo}|gis locally integrable} 

for an open set U of V, and let us fix a subsheaf & of satisfying the following 
conditions (in the following (1), (2) and (3), U is an arbitrary open set of V): 

(1) lfu,ve &(U) and a e R> , then u + p g and au e &(U). 

(2) If u, v £ ^(U) and u < v almost everywhere, then u < v. 

(3) If <fi G &y{U) (i.e., (/) is a nowhere vanishing holomorphic function on U), 
then log \(p\ 2 G ^(U). 

This subsheaf <fT is called a type for Green functions on V. Moreover, is said to 
be real valued if u(x) G R for any open set U, u G ^(tT) and x G U. Using & , we 
say g is a D-Green function of 3? -type on V if the above u x is an element of ^(U x ) 
for each x G V. The set of all D-Green functions of ^-type on V is denoted by 
G^(V;D). If x g Supp(D), then, by using (2) and (3) in the properties of 2? , we 
can see that the value 

/ 

u x (x) + log \f(x)\ 2 

i=l 

does not depend on the choice of the local expression 

g = u x + ^(-flf) log \f\ 2 (a.e.) 
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of g, so that u x (x) + LLi( -fl i)logl/;(*)l 2 is called the canonical value of g at x and 
it is denoted by g ca n(x)- Note that g can £ \ Supp(D)) and g = g can (a.e.) on 
V \ Supp(D). Further, if 2? is real valued, then g can (^) G 1R- 

★ H°(V, D)for an R-divisor D and its norm arising from a Green function. Let D be an 
R-divisor. If V is connected, then H°(V, D) is defined by 



H°(V,D):=U 



(pis a non-zero rational function ) . . 
onywith((/)) + D>0 |U{U}. 



In general, let V = V\ U • • • U V r be the decomposition into connected components 
of V. Then 



H°(V,D):=^H°(V u D\ Vi ). 



i=l 

Let g be a D-Green function of C°-type on V. For (p eH°(V, D), it is easy to see that 
\(p\ g := exp(-g/2)\(p\ coincides with a continuous function almost everywhere on 
V, so that the supremum norm \\<p\\ g of <p with respect to g is defined by 



\\(p\\ g := ess sup {^(x) | x G V"} 



• Arithmetic R-divisors. Let X be a rf-dimensional generically smooth normal 
projective arithmetic variety Let Div(X) be the group of Cartier divisors on X. As 
before, an element of Div(X) R := Div(X) <8>z R is called an "R-divisor on X. It is said 
to be effective if it is a linear combination of prime divisors with non-negative real 
numbers. In addition, for D, E G Div(X) K , if D - E is effective, then it is denoted 
by D > E or E < D. 

Let D be an R-divisor on X and let g be a locally integrable function on X(C). A 
pair D = (D, g) is called an arithmetic R-divisor on X if F^(g) = g (a.e.), where F OT is 
the complex conjugation map on X(C). Moreover, D is said to be ofC°°-type (resp. 
of C°-type, of PSH K -fi/pe) if g is a D-Green function of C°°-type (resp. of C°-type, 
of PSH K -type). More generally, for a fixed type ^ for Green functions, D is said 
to be of ,^-tyne if g is a D-Green function of ^-type. For arithmetic R-divisors 

Di = (D\,g\) and D 2 = (D 2 ,g2), we define Di = D 2 and Di < D 2 as follows: 

' — — def 

Di = D 2 <=> Di = D 2 and gi = g 2 (a.e.), 

< — — def 

Di < D 2 <=> Di < D 2 and gi < g 2 (a.e.). 
If D > (0, 0), then D is said to be effective. Further, the set 

{M | M is an arithmetic R-divisor on X and M < D} 
is denoted by (-oo, D]. 



★ Volume of arithmetic R-divisors of C° -type. Let Div c o(X) R be the group of arith- 
metic R-divisors of C°-type on X. For D G Div c o (X) R , we define fi°(X, D), H°(X, D), 
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H°(X,D):=U 



h°(X, D) and vol(D) as follows: 

\p is a non-zero rational function 
on X with + D > 
#>(X,_D) := e H°(X,D) | \ty\\ g < 1}, 
l°(X,D):=log#(^(X,D)), 
/z°(X,nD) 



U{0}, 



vol(D) := limsup 



Note that 

#°(X,D) 
The continuity of 



4' 



n d /dl ' 

i/^ is a non-zero rational function 
on X with 0/T) + D > (0, 0) 

vol : Pic(X) Q -> 1R 



U{0}. 



is proved in IT13I , where Pic(X)q := Pic(X) <8> z Q. Moreover, in [14J, we introduce 
Pic c o(X) R as a natural extension of Pic(X)Q (for details, see [14J or Subsection 15. 1|) 
and prove that vol : Pic(X)q — > R has the continuous extension 

vol : Picco(X) R R. 
Theorem 15.2.21 shows that there is a natural surjective homomorphism 

^ R : Div c o(X) R -» Pic c o(X) K 

such that vol(D) = vo1(i^r(D)) for all D £ Div c o(X) K . In particular, by using 
results in 0, 0, EH, (H, QHl and EZ|, we have the following properties of 

vol : Divco(X) K — > R (cf. Theorem 15.2.21 and Theorem |6.6.1|) : 

(1) vol : Div c o(X) K — > R is positively homogeneous of degree d, that is, 
vol(flD)_= fl rf vol(D) for all a e R> and D e Div c o(X) R . 

(2) vol : Div c o(X) K — > R is continuous in the following sense: Let D\, D r , 
A\, . . . , A? be arithmetic R-divisors of C°-type. For a compact set B in R'" 
and a positive number e, there are positive numbers 5 and 5' such that, for 
all ax,..., a r , b\,...,b r ' e R and (p e C°(X) with (a lr a,) e B, YJi=x ^ 5 
and ||(/)|| sup < <5', we have 

/ r r> \ t r 



vol 



< e. 



aiDi + Yj 6 i A i + (°' 0) ~ vo1 X aiDi 

i=X ;'=1 J V ;=1 

Moreover, if Di, . . . , D r , Ax, . . . , A r > are C°°, then there is a positive constant 
C depending only on X and Dx, . . . , D r ,Ax, ...,A r > such that 

vol 



/=1 



vol ^ fl,Dj 



;=1 



< c 



V |fli| + V \6j\ \\(p\\ sup + V |6y 
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for all ax,..., a r , b\,...,b r > 6R and <p G C°(X). 

(3) vol(D) is given by "lim", that is, 

vol(D) = lim — -— , 

v ' f^oo t d /dl 

where D G Div c o(X) R and t G R >0 . 

(4) vol(-) 1 ^ is concave, that is, for arithmetic IR-divisors D\, D 2 of C°-type, if 
Di and D 2 are pseudo-effective (for the definition of pseudo-effectivity, see 
SubSection 16 .![), then 

voi(D! + D 2 ) 1/rf > vd(D!) 1/d + vd(D 2 ) 1/d . 

(5) (Fujita's approximation theorem for IR-divisors) If D is an arithmetic R- 

divisor of C°-type and vol(D) > 0, then, for any positive number e, there 
are a birational morphism /.i : Y — > X of generically smooth and normal 
projective arithmetic varieties and an ample arithmetic Q-divisor A of C°°- 
type on Y (cf. Section 0) such that A < //(D) and vol(A) > vol(D) - e. 

(6) (The generalized Hodge index theorem for R-divisors) If D is an arithmetic 
R-divisor of (C° n PSH)-type and D is nef on every fiber of X — > Spec(Z), 

— — d 

then vol(D) > deg(D ) (see descriptions in "Positivity of arithmetic R- 

. . — d 

divisors" below or Proposition 16.4.21 for the definition of deg(D )). 

★ Intersection number of an arithmetic "R-divisor with a 1-dimensional subscheme. Let 
be a real valued type for Green functions such that C° C & and —u G ST 
whenever u G Sf . Let D = (D,g) be an arithmetic R-divisor of i^-type. Let C be 
a 1-dimensional closed integral subscheme of X. Let D = a\D\ + ■ ■ ■ + a\D\ be a 
decomposition such that a.\, . . . , 0\ G R and D,'s are Cartier divisors. For simplicity, 
we assume that D,'s are effective, C £ Supp(D,) for all i and that C is flat over Z. 

In this case, deg(D| c ) is defined by 

deg(D| c ):=^«aog#(^ c (D0/^c) + 2 L ^an(x). 

!=1 xeC(C) 

In general, see Section |53l Let Z be a 1-cycle on X with coefficients in R, that is, 
there are a.\, . . . , ai G R and 1-dimensional closed integral subschemes C\, . . . , Q on 

X such that Z = fliCi + • • • + fl;Q. Then deg | Z^ is defined by 

/ 



deg(D|z):=2>deg(D| c ). 



★ Positivity of arithmetic R-divisors. An arithmetic R-divisor D is called ne/if D is 

of PSH R -type and deg(D| c ) > for all 1-dimensional closed integral subschemes 

C of X. The cone of all nef arithmetic R-divisors on X is denoted by Nef(X)R. 
Moreover, the cone of all nef arithmetic R-divisors of C°°-type (resp. C°-type) 

on X is denoted by Nef c »(X) R (resp. Nef c o(X) R ). Further, we say D is big if 

voi(D) > 0. 
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. .Nef 

Let Div c o (X) R be the vector subspace of Div c o(X) R generated by Nef c o(X) R . 
Then, by Proposition 16.4.21 

Nef 

Div c »(X) R + Div c o nPSH (X) R c Div c o (X) R 
and the symmetric multi-linear map 

Drv c »(X) R x • • • x Di^ c «(X) R -> R 

given by (Di, . . . , Dd) h-> deg(Di • • • D^) (cf. Proposition-Definition |6.4.1[) extends 
to a unique symmetric multi-linear map 

Nef Nef 

Div c o (X) K x • • • x Div c o (X) R -> Pv 
such that (D, . . . , D) h> vol(D) for D e Nef c o(X) R . 

• Zariski decompositions on arithmetic surfaces. Let X be a regular projective 
arithmetic surface. The main theorem of this paper is the following: 

Theorem A (cf. Theorem l9.2.1l and Theorem l9.3.4[) . Let D be an arithmetic R-divisor 
of C° -type on X such that the set 

(-00, D] n Nef(X) R = {M\ Mis a nef arithmetic H-divisor on X and M < D} 

is not empty. Then there is a nef arithmetic It-divisor P of C° -type such that P gives the 

greatest element of (-00, D] n Nef(X) R/ that is, P e (-oo, D] n Nef(X) R and M < P for 

all Me (-co, D] n Nef (X) R . Moreover, if we setN = D — P, then the following properties 
hold: 

(1) Q(D) = vol(P) = feg(P 2 ). 

(2) deg(P| c ) = for all 1-dimensional closed integral subschemes C with C c 
Supp(N). 

(3) If L is an arithmetic R-divisor of PSH R -fype on X such that < L < N 
and deg(L| c ) > for all 1-dimensional closed integral subschemes C with 
C c Supp(N), then 1 = 0. 

The above decomposition D = P + N is called the Zariski decomposition ofD and 
we say P (resp. N) is the positive part (resp. the negative part) of the decomposition. 
For example, let = Proj(Z[x, y]), C = {x = 0}, z = x/y and a, $ e R> with a > 1 
and j6 < 1. Then the positive part of an arithmetic divisor 

(C , - log |z| 2 + log max{a 2 |z| 2 , jS 2 }) 

of (C° n PSH)-type on is 

(0C O/ -0 log |z| 2 + log max{« 2 |z| 20 , 1}), 

where = log«/(log« - logjS) (cf. Subsection |9.4|) . This example shows that 
an R-divisor is necessary for the arithmetic Zariski decomposition. In addition, 
an example in Remark 19.4.31 shows that the Arakelov Chow group consisting of 
admissible metrics due to Faltings is insufficient to get the Zariski decomposition. 
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We assume that N + 0. Let N = C\C\ H 1- C;Q be the decomposition of N such 

that C\,...,C\ G R>o and Q's are 1-dimensional closed integral subschemes on X. 
Let (Ci,gi), . . . , (Ci,gi) be effective arithmetic divisors of PSH R -type such that 

c 1 (Ci / gi) + --- + c / (Q,g,) <N, 

which is possible by Proposition l2.4.2l and Lemma l9.1.3l Then, by using Lemma fl.2.31 
the above (3) yields an inequality 

(-iydet(d5((Q,^)| c .))>0. 

This is a counterpart of the property (4.2) of the Zariski decomposition on an 
algebraic surface. On the other hand, our Zariski decomposition is a refinement 
of Fujita's approximation theorem due to Chen (6J and Yuan |fT7f on an arithmetic 
surface. Actually Fujita's approximation theorem on an arithmetic surface is a 
consequence of the above theorem (cf. Proposition |9.3.6|) . 

Let D be an effective arithmetic IR-divisor of C°-type. For each n > 1, we set 
F„(D) and M n (D) as follows: 

F n (D) = - ^ min (mult c ((0) + nD) | <f> e #°(X, nD) \ {0}} C, 

_ H c _ 
M H (D) = D - F n (D). 

Let V(nD) be a complex vector space generated by H°(X, nD). It is easy to see that 

1 — 

S Mn (D) := S+- lo S dist(V(nD); ng) 

is an M„(D)-Green function of C°°-type (for the definition of distorsion functions, 
see Subsection 13. 2 1) . Then we have the following: 

Theorem B (Asymptotic orthogonality). If D is big, then 

limd5((M„(D)^ Mn(5) ) | F„(D)) = 0. 

• Technical results for the proof of the arithmetic Zariski decomposition. In 

order to get the greatest element of (-co, D] n Nef(X) K , we need to consider the 
nefness of the limit of a convergent sequence of nef arithmetic R-divisors. The 
following theorem is our solution for this problem: 

Theorem C (cf . Theorem \7.1) . Let X be a regular projective arithmetic surface. Let 
{M„ = (M n/ h n )}™ =0 be a sequence of nef arithmetic "R-divisors on X with the following 
properties: 

(a) There is an arithmetic divisor D = (D, g) of C°-type such that M n < D for all 
n > 1. 

(b) There is a proper closed subset E ofX such that Supp(D) c E and Supp(M„) c E 
for all n > 1. 

(c) lim^oo mult c (M„) exists for all 1-dimensional closed integral subschemes C on 
X. 

(d) lim sup fJ ^ oo (/z„) can (x) exists in Kfor all x e X(C) \ E(C). 
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Then there is a nef arithmetic ~R-divisor M = (M, h) on X such that M < D, 

M = Y flimmult c (M n ))c 

and that ^ C anlx(C)\E(C) zs the upper semicontinuous regularization of the function given by 
x i-» limsup^^^^canW over X(C) \ E(C). 

Moreover, for the first property vol(P) = vol(D) of the arithmetic Zariski decom- 
position, it is necessary to observe the following behavior of distorsion functions, 
which is a consequence of Gromov's inequality for an R-divisor (cf. Proposi- 
tion En). 



Theorem D (cf. Theorem |3.2.3|) . Let V be an equidimensional smooth projective 
variety over C and let D be an 'R-divisor on V. Let R = (§) n>0 R n be a graded subring of 
©«>o H°(V, n ^)- V S * s a D-Green function of C 00 -type, then there is a positive constant 
C with the following properties: 

(1) dist(R n ;ng) < C(n + l) 3dimV for all n > 0. 

dist(R„; ng) dist(R m ; mg) dist(R n+m ; (n + m)g) 

{ ) C(n + l) 3dimV ' C(m + l) 3dimV - C(n + m + l) 3dim ^ f ° r U,m ~ 

The most difficult point for the proof of the arithmetic Zariski decomposition 
is to check the continuous property of the positive part. For this purpose, the 
following theorem is needed: 

Theorem E (cf. Theorem 14.61) . Let V be an equidimensional smooth projective variety 
over C. Let A and B be H-divisors on V with A < B. If there is an A-Green function 
h of C°°-type such that dd c ([h]) + d A is represented by either a positive C°°-form or the 
zero form, then, for a B-Green function g B of C° -type, there is an A-Green function g of 
(C° Pi FS¥L)-type such that g is the greatest element of the set 

G PS h(^;A)<£ B := \u e G PSH (^;A) | u < g B (a.e.)} 

modulo null functions, that is, g e Gpsh(^; A)< gB and u < g (a.e.) for all u e 
G FS h(V;A)< Sb . 

For the proof, we actually use a recent regularity result due to Berman-Demailly 
||3]]. Even starting from an arithmetic divisor D of C°°-type, it is not expected that 
the positive part P is of C°°-type again (cf |fT6j). It could be that P is of C 1,1 -type. 

Acknowledgement. I would like to thank Prof. Bauer, Prof. Caibar and Prof. 
Kennedy for sending me their wonderful paper concerning Zariski decomposi- 
tions in vector spaces, which were done independently. I also express my hearty 
thanks to Prof. Yuan for his questions and comments. 



1. Zariski decompositions in vector spaces 

Logically the contexts of this section are not necessary except Lemma 11.2.31 
They however give an elementary case for our considerations and provide a good 
overview of our paper without any materials. 
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1.1. In the paper [lj, Bauer presents a simple proof of the existence of Zariski 
decompositions on an algebraic surface. Unfortunately, he uses liner series on 
the algebraic surface to show the negative definiteness of the negative part of the 
Zariski decomposition. In this section, we would like to give a linear algebraic 
proof without using any materials of algebraic geometry. The technical main 
result for our purpose is Lemma 11.2.31 After writing the first draft of this paper, 
Bauer, Caibar and Kennedy kindly informed me that, in the paper (2J, they had 
independently obtained several results similar to the contexts of this section. Their 
paper is written for a general reader. 

Let Vbe a vector space over R. Lete = {e A } AeA be a basis of V and let(p = {<p A } A eA 
be a family of elements of Hom K (V r , R) such that (p A {e^) > for A ^ \i. This pair 
{e,<§>) of e and <p is called a system of Zariski decompositions in V. 

Let us fix several notations which work only in this section. For A G A, the 
coefficient of x at e A in the linear combination of x with respect to the basis e is 
denoted by x(A;e), that is, x = £ A x(A;e)e A . Let < e be an order relation of V given 
by 

def 

x < e y <=> x(A;e) < y(A;e) for all A e A. 

We often use y > e x instead of x < e y. Supp(x;e), [x,y] e , (-°°,x] e , [x, oo) e , Nef(<£) 
and Num(<£) are defined as follows: 

Supp(x;e) := {A e A | x(A;e) + 0}, 
[x, y] e := {v e V \ x < e v < e y\, 
(-oo,x] e := {v £ V | v < e x], 
' [x,oo) e := {v £ V | v > e x}, 
Nefty) := [v £ V \ <p A (v) > for all A e Aj , 
Num(^) := {v £ V \ (p A (v) = for all A e A}. 

For an element x of V, a decomposition x = y + z is called a Zariski decomposition 
of x with respect to (e,<|>) if the following conditions are satisfied: 

(1) y £ Nef(0) and z > e 0. 

(2) (p A (y) = for all A £ Supp(z;e). 

(3) [x £ E A6S upp(2^) R>oeA I <f>x(x) > for all A £ Supp(z;e)} = {0}. 

We call y (resp. z) the positive part of x (resp. negative part of x). 

The purpose of this section is to give the proof of the following proposition. 

Proposition 1.1.1. For an element x of V, we have the following: 

(1) The following are equivalent: 

(1.1) A Zariski decomposition of x with respect to (e,<p) exists. 

(1.2) (-oo,jc] e nNef(^) *0. 

(2) If a Zariski decomposition exists, then it is uniquely determined. 

(3) If a Zariski decomposition ofx with respect to {e,§) exists and the negative part z 
ofx is non-zero, then z has the following properties: 

(3.1) Let Q be the matrix given by ((p A (e^)) A ^ e supp(z?)- Then 

(_1)#(Supp(z*)) detQ > 0. 

Moreover, ifQ is symmetric, then Q is negative definite. 

(3.2) {eA}/\eSupp(z^) is linearly independent on V/Num((p). 
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1.2. Proofs. Here let us give the proof of Proposition IT.l.ll 
For X\, . . . , x r G V, maxe{xi, . . . , x r ) G V is given by 

maXe{xi, ...,x r \ := ^ max{xi(A;e), . . . ,x r (A;e)}e A . 

AeA 

Let us begin with the following lemma. 

Lemma 1.2.1. lfx\, . . . ,x r G Nef(<£), then maxjxi, . . . ,x r ) G Nef(<£). 

Proof. It is sufficient to see that if <p A (Xi) > for all i, then (/) A (max e {x 1 , . . . , x r }) > 0. 
We set z = max e {xi, x r }. Note that Supp(z - X\,e) Pi • • • Pi Supp(z - x r ;e) = 0. 
Thus there is i with A £ Supp(z - xf,e). Then <ft A (z - Xi) > 0, and hence 

(p A (z) = (p A (z - Xi) + (p A (Xi) > 0. 

□ 

Lemma 1.2.2. Let x be an element of V such that (-oo,x] e n Nef((f)) ^ 0. Then there is 
the greatest element y in (-oo,x] e n Nef(<£), that is, y G Nef($) n (-oo,x] e and y > e v 
for all v G Nef(<£) n (-oo, x] e . This greatest element y is denoted by 

max(Nef(<|>) n (-oo,x] e ). 

Further, y and z := x - y satisfy the following properties: 

(a) y G Nef(^>), z> e and x = y + z. 

(b) (p A (y) = 0/or all A g Supp(z;e). 

(c) {v g EaeSuppCz*) M>oeA I <M U ) > 0/ora/l A g Supp(z;e)} = {0}. 
Proof We choose x' G (-oo, x] e n Nef(<£). Let us see the following claim. 
Claim 1.2.2.1. There is the greatest element y o/Nef(<£) n 

Proof Note that [x',x] e = x' + [0,x- x'] e . Moreover, it is easy to see that 

Nef(0)n[x',x] e 

= x' + iv G [0,x - x'] e I (p A (v) > ~(p A (x') for all A g Supp(x - x';e)j . 

Therefore, Nei((f)) n [x',x] e is a translation of a bounded convex polyhedral set 
in a finite dimensional vector space © A6Supp ( x _ T /. e ) ^a- Hence Nef(<p) n [x',xL. 
is a convex polytope, that is, there are yi,...,y/ G Nef(0) n [x',x] e such that 
Nef(0) n \x' , x] e = Convjyi, . . . , y/} (cf. (HI Theorem 3.2.5 or Finite basis theorem]). 
If we set y = maxjyi, . . . , y/}, then, by Lemma H.2.11 y G Nef ((f)) n [x', x] e . Moreover, 

for v = a\y\ -\ h a\y\ G Nef ((f)) n [x', x] e (a\, ...,ai G R> and a\ H + a/ = 1), we 

have 

y = a\y -\ h a\y> e a\y\ H + a/y/ = y. 

□ 

This y is actually the greatest element of (-oo,x] c n Nei((f)). Indeed, if v G 
(-oo,x] e n Nef(<£), then max{u, y} G [x',x] e n Nef(<£) by lemma PTZTl and hence 

v < maxji;, y} < y. 

Let us check the properties (a), (b) and (c). First of all, (a) is obvious. In order 
to see (b) and (c), we may assume that z + 0. 
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(b) We assume that (\)\{y) > for A £ Supp(z;e). Let e be a sufficiently small 
positive number. Then y + ee A < e x and 

<My + «?a) = <^(y) + e^fo) > 

for all /i £ A because < e « 1. Thus y + ee\ £ Nef((£), which contradicts to the 
maximality of y. Therefore, §\(y) = for A £ Supp(z;e). 

(c) Next we assume that there is v £ (LAeSupp(z;e) ^>o?a) \ {0} such that <Pa(v) > 
for all A G Supp(z;e). Then there is a sufficiently small positive number e' such 
that y + e'v < e x. Note that (p^(y + e'v) > for all p., which yields a contradiction, 
as before. □ 

Lemma 1.2.3. Let W be a vector space over R. Let e\,...,e n £ W and (pi,...,(p n £ 
Hom R (W, R) with the following properties: 

(a) {(ai,. ..,a„) £ R^ | fliei + ••• + a n e„ = 0} = {(0,...,0)}. 

(b) <fii(ej) > for all i + ]. 

(c) {x £ R> ei + • • • + R>oe» I ^i(^) > 0/or al/ z'} = {0}. 

Then we have the following: 

(1) Let Q be the (n x n)-matrix given by {^{ej)). Then there are (n x n)-matrices A 
and B with the following properties: 

(1.1) A(resp. B)isalower(resp. upper) triangle matrix consisting of non-negative 
numbers. 

(1.2) det A > 0, detB > and 



AQB = 



(-!■■■ 0\ 



[0 ■■■ -I) 



(1.3) IfQ is symmetric, then B = l A. 
(2) The vectors e\, . . . , e n are linearly independent in 

W/{x £ W | 0i (x) = • • • = n (x) = 0}. 

Proof (1) Let us begin with the following claim. 

Claim 1.2.3.1. 0;(e;) < 0/or all i. 

Proof If (piiei) > 0, then e,- £ {x £ R>o^i + • • • + R>o^« I <pj(x) ^ for all /}. This is a 
contradiction because ^ 0. □ 

The above claim proves (1) in the case where n = 1. Here we set 

& = -0i(ei)0 f + <fr(ei)0i (»' ^ 2 )/ e) = ~<i>i( e i) e i + <M e ;>i (j ^ 2 )- 
We claim the following: 

Claim 1.2.3.2. (i) fafa) = and 0i(eJ) = 0/or all i > 2 and j > 2. 

(ii) e' 2 , . . . , e' n and <p' 2 , . . . , <p' n satisfy all assumptions (a) ~ (c) of the lemma. 

(iii) Let Q be the matrix given by (0-(e'))2<;,/<n- Then 
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where Ai and B 1 are matrices given by 



1 

<p3(ei) 

.<M e l) 




-<pi(ei) 



4>i fe) 

-<pi(ei) 



1 









-<^i(ei) 



^1 (e«) 





-<f>i (ei). 



respectively. Note that ifQ is symmetric, then B\ = l A\ and Q' is also symmetric. 

Proof, (i) is obvious. 

(ii) It is easy to see (a) for e' v . . . ,e' n by using Claim IL2.3.11 For i, j > 2 with i + ), 
by Claim |LZ3"H 

= <M*i) 2 <M*;) + (-«^i(ei))0i(ci)0i(cy) > 0. 

Finally let x G L ; > 2 1R >o^ such that $(x) > for all i > 2. Note that <$>\{pc) = 
(—<pi(ei))<pi(x) for z > 2. Therefore, (/>,(x) > for all i > 1, and hence x = because 

E;>2 ^>0^ £ E/>1 K>oe/. 

(iii) is a straightforward calculation. □ 

We prove (1) by induction on n. By hypothesis of induction, there are matrices 
A' and B' satisfying (1.1), (1.2) and (1.3) for Q', that is, 



A'Q'B' = 



-1 



^ 

-1 



Therefore, 



( -f= 

A' 



t l 



r- • 

V-^i(ei) 

B' 



r-1 



^ 

-1 



Thus (1) follows. 



(2) Let a\e\ + ■ ■ ■ + a n e n = be a linear relation on 

W/{x G W I <fr(x) = • • • = (£ n (x) = 0}. 

Then there is x G W such that x = a x e\ H h a n e n and </>i(x) • 

= (pj(x) = Yj <pi(Sj)aj- Hence (1) yields (2). 



(p n (x) = 0. Thus 
□ 



Proof of Proposition (1) Clearly (1.1) implies (1.2). If we assume (1.2), then 
(1.1) follows from Lemma [1.2.21 

(2) Let x = y + z be a Zariski decomposition of x with respect to (e,<p) and 
y' = max(Nef^, n(-oo,x] e ). Then y < e y'. As <px(y) = for all A G Supp(z;e), 



y' - y e { x G Tj 



JAeSupp(z;e) 



: o^A I <Pa(x) > for all A G Supp(z;e)| , 



□ 



and hence y' = y. 

(3) follows from Lemma 11.2.31 

Remark 1.2.4. We assume that (pA(e fl ) G Q for all A, [i G A. Let x G (£) A Qe y \ such 
that (-oo,x] e n Nef^ ^ 0. Let x = y + z be the Zariski decomposition of x with 
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respect to (e,<p). Then y,z G (|) A Qe A . Indeed, if we set Supp(z;e) = {Ai, . . . , A,,} 
and z = Yu a i e A ir then 

On the other hand, by our assumption and (3.1) in Proposition !!.!.!! ((pAi(sAj))i<i,j<n s 
GL„(Q). Thus («!,...,«„) eQ". 

2. Green functions for R-divisors 

2.1. Plurisubharmonic functions. Here we recall plurisubharmonic functions 
and the upper semicontinuous regularization of a function locally bounded above. 

Let T be a metric space with a metric d. A function / : T — > {-oo} U R is said to 
be wpper semicontinuous if {x G T | f(x) < c) is open for any c G R. In other words, 

f(a) = limsup /(x) (:= inf(sup{/(y) I d{a,y) <e))\ 

x->a \ e>0 / 

for all a G T. Let u : T — > {-oo} U R be a function such that u is locally bounded 
above. The upper semicontinuous regularization u* of u is given by 

u{x) = limsup u(y). 

Note that u* is upper semicontinuous and u <u*. 

Let D be an open set in C. A function u : D — > {-oo} U R is said to be subharmonic 
if u is upper semicontinuous and 

u(a) < — u (a + re^ d ) dd 
2tt Jo v ; 

holds for any a G D and r £ R >0 with {z G C | |z - fl| < r) c D. 

Let X be a rf-equidimensional complex manifold. Afunctionu : X — > {-oo}URis 
said to be plurisubharmonic if u is upper semicontinuous and u o (p is subharmonic 
for any analytic map <p : \z G C | |z| < 1} — > X. We say u is a razZ valued 
plurisubharmonic function if ^ -oo for all x G X. If X is an open set of C d , then 
an upper semicontinuous function u : X — >RU{-oo}is plurisubharmonic if and 
only if 

u(a) < — J w(a + E, exp( ^[-\Q))dQ 

holds for any a & X and ^ G C rf with {a + £ exp( ^f^d) \ < < In) c X. As an 
example of plurisubharmonic functions, we have the following: if f\,...,f r are 
holomorphic functions on X, then 

logd/al 2 + • • • + |/ r | 2 ) 

is a plurisubharmonic function on X. In particular, if 

x<t{zeX\f 1 (z) = --- = f r (z) = 0}, 

then drf c (log(|/i| 2 H + |/,-| 2 )) is semipositive around x. 

Let {u A } AeA be a family of plurisubharmonic functions on X such that {ux) AeA 
is locally uniformly bounded above. If we set u(x) := sup AeA {w A (x)} for x G X, 
then the upper semicontinuous regularization u* of w is plurisubharmonic and 
u = u* (a.e.) (cf. BH Theorem 2.9.14 and Proposition 2.6.2]). Moreover, let {v„}™ =1 
be a sequence of plurisubharmonic functions on X such that {v n ]™ =1 is locally 
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uniformly bounded above. If we set v(x) := lim sup^^ v n (x) for x G X, then the 
upper semicontinuous regularization v* of v is plurisubharmonic and v = v* (a.e.) 
(cf. |H Proposition 2.9.17 and Theorem 2.6.3]). 

2.2. R-divisors. Let X be either a d-equidimensional smooth algebraic scheme 
over C, or a d-equidimensional complex manifold. Let Div(X) be the group of 
divisors on X. An element D of Div(X) R := Div(X) ® z IR is called an H-divisor on 
X. Let D = Y£=i a iDi be the irreducible decomposition of D, that is, a.\, . . .,a n G IR 
and D/s are reduced and irreducible divisors on X. For a prime divisor T on X 
(i.e., a reduced and irreducible divisor on X), the coefficient of D at T in the above 
irreducible decomposition is denoted by mult r (D), that is, 



multr(D) 



ffli if T = Di for some i, 
10 if r Df for all i, 



and D = Xr rnult r (D)r. The support Supp(D) of D is defined by U m uit r (D)*o ^- If 
dj > for all i, then D is said to be effective and it is denoted by D > 0. More 
generally, for D\, D 2 6 Div(X) R , 

Di < D 2 (or D 2 > D 2 ) D 2 - Dj > 0. 

The round-up f D] of D and the round-down [Dj of D are defined by 

n n 

\D-\ = Yj<k\Di and LDJ=^L«dD ! , 

(=1 !=1 

where [x] = minjfl G Z | x < a) and [xj = maxjfl G Z | a < x} for x G IR. 

We assume that X is algebraic. Let Rat(X) be the ring of rational functions on X. 
Note that X is not necessarily connected, so that Rat(X) is not necessarily a field. 
In the case where X is connected, H°(X, D) is defined to be 

H°(X, D) := {(f> G Rat(X) x | (0) + D > 0} U {0}. 

In general, let X = TJ a X a be the decomposition into connected components, and 
let D a = D|x ■ Then H°(X, D) is defined to be 



H°(X,D):=0H°(X a ,D a ). 



Note that if D is effective, then H°(X, D) is generated by 

{<£ G Rat(X) x \ (<p) + D> 0}. 

Indeed, for <p a G H°(X a , D a ), if we choose c G C x with <p a + c ± 0, then 

(0,...,0,(/) a ,0,...,0) = (l,...,l,(/) a + c,l,...,l)-(l,...,l,c,l,...,l), 

which shows the assertion. Since 

(</>„) + D fl > <=> (<f> a ) + LDJ > 0, 

we have H°(X, D) = H°(X, LDJ). 

In the case where X is not necessarily algebraic, the ring of meromorphic func- 
tions on X is denoted by Ai(X). By using Ai(X) instead of Rat(X), we can define 
H° M (X, D) in the same way as above, that is, if X is connected, then 

H° M (X, D) := {(f) G M(X) X | ((/)) + D > 0} U {0}. 
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If X is a proper smooth algebraic scheme over C, then Rat(X) = M(X) by GAGA, 
and hence H°(X, D) = H° M (X, D). 

2.3. Definition of Green functions for R-divisors. Let X be a rf-equidimensional 
complex manifold. Let £\ oc be the sheaf consisting of locally integrable functions, 
that is, 

£l oc (U) := {g : U -» R U {±00} | g is locally integrable} 
for an open set U of X. Let 5* be a subsheaf of and let S be a subset of KU {±00}. 
Then and —2? are defined as follows: 



= {ge £T{U) I g S for all x g IT}, 

= {g G ^(ii) I g is locally bounded on U], 

= {- g g ziju) 1 g g nm- 



(& + 3"){U) := < 



g e XL(^) 



Let be another subsheaf of £} . We assume that u + u' is well-defined as 

loc 

functions for any open set U,u £ 3?{U) and u' G 5^'{U). Then ^ + is defined 
to be 

For any x eU, we can find an open 
neighborhood V x , u G 3?(V X ) and 
u' G ^'(V*) such that g\ y =u + u'. 

Similarly, iiu-u' is well-defined as functions for any open set U, u G 3?(U) and 
u' G &'(U), then & - is defined to be 

For any x G U, we can find an open 
neighborhood V x , u G 3^(V X ) and 



- 3"){U) := { 



8 e 4k(") 



u' g &'(V x ) such that d = u-u' 



Note that 3~ - 5?' = 5* + {-ST'). A subsheaf ^ of £] oc is called a type for Green 
functions on X if the following conditions are satisfied (in the following (1), (2) and 
(3), U is an arbitrary open set of X): 

(1) If u, v G <7{U) and a G R> , then u + v G «^*(LZ) and au G 3^{U). 

(2) If u, 17 G 3^{U) and w < v (a.e.), then u < v. 

(3) If (/) G ^(li) (i.e., (/) is a nowhere vanishing holomorphic function on U), 
then log \(p\ 2 G «^(U). 

Note that, for u, v G 3^(U), u = vifu = v (a.e.). If ^ = ^k, that is, u(x) G R for any 
open set U,u G ^(LT) and x e U, then ^ is called a real valued type. As examples 
of types for Green functions on X, we have the following C°, C°° and PSH: 

C° : the sheaf consisting of continuous functions. 

C°° : the sheaf consisting of C°° -functions. 

PSH : the sheaf consisting of plurisubharmonic functions. 

Note that 

PSH R (U) = {g G PSH(li) I g(x) * -00 for all x G 11} 

for an open set U of X. Let 2? and be types for Green functions on X. We say 
3 r ' is a subjacent type of if the following property holds for any open set U of X: 

u' < u (a.e.) on U for u' G and 1/ G 3^{U) u' < u on U. 

Lemma 2.3.1. Let ST be either C° + PSH or C° + PSH K - PSH K . Then ST is a type for 
Green functions on X. Moreover, PSH is a subjacent type of 5 r . 
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Proof. The conditions (1) and (3) are obvious for 3 r . Let us see (2). For z = 
(zi, ...,Zd) G C d , we set ||z|| = Vlzil 2 H i- |zdl 2 - Moreover, for a eC d and r > 0, 



is denoted by B rf (a; r). 

The assertion of (2) is local, so that we may assume that X = B d ((0, . . . , 0); 1). It 
is sufficient to see that, for u\, u 2 e ^(X), if Ui < 1*2 (a.e.), then ui < w 2 . Let us 
fix a G B d ((0, . . .,0);1). There are a sufficiently small r > and u /; G (B d (fl;r)) 
(z = 1,2 and / = 1, 2, 3) with the following properties: 

(a) U\ = V\\ + Viz - V\3 and u% = v%\ + V22 - ^23- 

(b) v n ,v 2l eC°(B d (a;r)). 

(c) v 12 , v 22 G PSH(B d (a; r)) in the case ^ = C° + PSH. 

(c) ' v n , v 22 G PSH R (B d (a; r)) in the case ^ = C° + PSH R - PSH K . 

(d) v 13 = v 23 = in the case ST = C° + PSH. 

(d)' v 13 , v 23 G PSH R (B rf (a; r)) in the case ST = C° + PSH R - PSH R . 

Let x<r (e > 0) be the standard smoothing kernels on C d (cf. |0 Section 2.5]). 
It is well known that Vjj(a) = lim^oO?;/ * Xe)(a) for i = 1,2 and ; = 1,2,3 (cf. 
BH Proposition 2.5.2 and Theorem 2.9.2]). In the case & = C° + PSH, since 
Vu(a),V2i(a) G R, Vuia), v^zia) G R U {-00} and V\ 3 = V23 = 0, 

lim(Uj * Xe){a) = lim ((v a * Xe)(a) + (v a * Xe)(a) - (v a * Xe)(a)) 

e— >0 e->0 

= lim(^i * Xe){a) + ]im(v a * Xe)(a) - lm\(v i3 * Xe){a) 

e— >0 e— >0 e— >0 

= v n {a) + va(a) - v i3 (a) = u;(«). 

If 9~ = C° + PSH R - PSH R , then, in the same way as above, we can also see 
Ui{a) = lim e ^ (w, * Xe)ifl) for i = 1,2 because zty(a) G R for i = 1,2 and ; = 1,2,3. 
Therefore, (2) follows from inequalities («i * Xe)( fl ) ^ ( M 2 * Xe)(fl) (Ve > 0). The last 
assertion can be checked similarly. □ 

Let 2? be a type for Green functions on X. Let g be a locally integrable function 
on X and let D = £ i=1 a^D, be an R-divisor on X, where D/s are reduced and 
irreducible divisors on X. We say g is a D-Green function of 3^-type (or a Green 
function of 27 -type for D) if, for each point x e X, g has a local expression 



over an open neighborhood U x of x such that w G 3*(U X ), where f\,...,f\ are 
local equations of D\, . . . , D? on U x respectively. Note that this definition does not 
depend on the choice of local equations f\,...,f\ on U x by the properties (1) and 
(3) of ST. The set of all D-Green functions of ^-type is denoted by G,^(X; D). 

Let g be a D-Green function of ^-type. We say g is of upper hounded type (resp. 
of lower bounded type) if, in the above local expression g = u + E!=i( _fl !') log \f\ 2 (a.e.) 
around each point of X, u is locally bounded above (resp. locally bounded below). 
If g is of upper and lower bounded type, then g is said to be of bounded type. These 
definitions also do not depend on the choice of local equations. Note that the set 
of all D-Green functions of i^-type and of bounded type is nothing more than 



{z g C d I \\z-a\\ < r) 




G^(X;D). 
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We assume x i Supp(D). Let g be a D-Green function of 2^-type. Let fx, . . . ,fi 
and f' v ...,f[be two sets of local equations of D\, . . . , D/ on an open neighborhood 
U x of x. Let 

g = u + Yjy-ti) log \fi\ 2 (a-e.) and g = u' + ^(-«0 log \f(\ 2 (a.e.) 

! = 1 i=l 

be two local expressions of g over where u, u' G 3 r {U x ). Since x £ Supp(D), 
there is an open neighborhood V x of x such that V* c U x and /i, . . .,fi,f[, s 
^(V x ). Thus, by the properties (1) and (3) of 2?, 

i i 
u + Yj-H) log \fi\ 2 , W + J^i-ai) log \f;\ 2 e 2T{V X ), 



i=l i=l 



and hence 



u + Jj- ai ) log lya 2 = M ' + £(-«o log i/;f g 

;=1 i=l 

over V x by the second property of This observation shows that 

«w + 2^( _fl ')iog i/K*)i 2 
i=i 

does not depend on the choice of the local expression of g. In this sense, the value 

u(x) + J^(-di) log |_/i(x)| 2 



i=l 



is called the canonical value of g at x and it is denoted by g ca n(x)- Note that 
gcan s 5^(X \ Supp(D)) and g = g can (a.e.) on X \ Supp(D). Moreover, if 3? is real 
valued, then g can (x) G IR. It is easy to see the following propositions. 

Proposition 2.3.2. Let g be aD -Green function ofC°°-type. Then the current dd c ([g])+5 D 
is represented by a unique C°°-form a, that is, dd c ([g]) + 5 D = [a]. We often identifies the 
current dd c ([g]) + 5d with a, and denote it by C\{D,g). 

Proposition 2.3.3. Let 3*' and 3?" be two types for Green functions on X such that 
27', 27" c 27. Then G^ n ^»(X;D) = G^(X;D) n G^(X;D). 

Proposition 2.3.4. (1) If g is a D-Green function of 2? -type and a G R> , then ag is 
an (aD)-Green function of 27 -type. Moreover, ifxi Supp(D), then (ag) can (x) = 
ag can (x). 

(2) If gi (resp. g 2 ) is a D-Green function of 27 -type (resp. D 2 -Green function of 
27 -type), then gi + g 2 is a (D x + D 2 )-Green function of 2? -type. Moreover, if 
x i Supp(Di) U Supp(D 2 ), then (g x + g 2 ) can (x) = (gl)can(x) + (g 2 ) ca n(x). 

(3) We assume that -27 Q 27 . If g is a D-Green function of 2 '-type, then -g is a 
{-D)-Green function of 2? -type. Moreover, if x $ Supp(D), then (-g) can (x) = 

~§can{x)- 

(4) Let gbe a D-Green function of 27 -type. If g > (a.e.) and x i Supp(D), then 
Finally let us consider the following three propositions. 
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Proposition 2.3.5. LetD = b\E\-\ \-b r E r be anK-divisor on X such that b\, ... ,b r G R 

and E/s are Cartier divisors on X. Let g be a D-Green function of £7 '-type on X. Let U 
be an open set ofX and let (pi,...,<p r be local equations ofE\,..., E r over U respectively. 
Then there is a unique expression 

r 

g = u + Jji-bd log \<p t \ 2 (a.e.) (u e ^(U)) 

on U modulo null functions. This expression is called the local expression of g over U 
with respect to (pi, . . . , (p r . 

Proof. Let us choose reduced and irreducible divisors D\, ...,Di and a !; £ Z such 
that Ei = X y=i OiijDj for each i. If we set a ; - = YIi=\ biOCij, then D = £ - =1 ap r For each 
point x G U, there are an open neighborhood U x of x, local equations f\ /XI f iX 
of Di, . . . , Di on LT X and u x G <^(U X ) such that U X QU and 

z 



g = Mx+ ^(-^)io g n^ 



(a.e.) 



on LT X . Note that 

i 2 

i=l i=l 

and Il/=i/ ; J is a local equation of E; over ii x , so that we can find nowhere 
vanishing holomorphic functions e\ iX , e YiX on U x such that n'=i = ^x^z on 
U x for all z = 1, . . . , r. Then 

r i" 

g = u z + lo g M 2 + log |( ^ i|2 ^ a,e ^ 

Z=l 1=1 

on Thus, for x,x' G U, 

r r 

U x + Y^(~ b i) lo § \ e iJ 2 = U *' + l0g ' e,> '' 2 ^• 6 -' ) 

;=1 Z=l 

on LL. n LL/, and hence 

r r 



y-ujj lug 12 

i=l Z=l 



on ii x n IT*'. This means that there is u G £?{U) such that u is locally given 
by u x + E- =1 (-&01ogh>| 2 . Therefore, g = u + Ej-i(-&,-)log|0i| 2 (a.e.) on U. The 
uniqueness of the expression modulo null functions is obvious by the second 
property of ST. □ 

Proposition 2.3.6. Let gbe a D-Green function of 3? -type. Then we have the following: 

(1) If g is of lower bounded type, then locally \(p\ exp(-g/2) is essentially bounded 
above for (p e H° M (X, D). 

(2) If g is of upper bounded type, then there is a D-Green function g' ofC°°-type such 
that g < g' (a.e.). 
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Proof. We set D = Y?i=i a iDi such that a\,...,ai e R and D ; 's are reduced and 
irreducible divisors on X. 

(1) Clearly we may assume that X is connected. For x £ X, let 

i 

g = u + Y j (-a i )log\f i \ 2 (a.e.) 

i=i 

be a local expression of g around x, where f\,...,f\ are local equations of D\, . . . , D/. 
For <p G H° M (X, D), we set (p = ••• f x l ■ v around x such that v has no factors of 
fx,..., f. Then, as (<ft) + D > 0, we can see that a ; + b; > for all z', and that v is a 
holomorphic function around x. On the other hand, 

exp(-£/2)|4>| = exp(-u/2)|/ 1 r i+fcl ■ • ■ |/„| a » +b *M (a.e.), 

as required. 

(2) By our assumption, there is a locally finite open covering {UaJaea with the 
following properties: 

(a) There are local equations /a,i, . . . , f\, n of D\, . . . , D n on Ua- 

(b) There is a constant Q such that g < C\ — E fl / log |/a /; | 2 (a.e.) on LTa- 

Let {paIaga be a partition of unity subordinate to the covering {ITaIaga- We set 

AeA 

Clearly g < g' (a.e.). Moreover, by Lemma 12.4.11 g' is a D-Green function of 
C°°-type. ' □ 

Proposition 2.3.7. Lef g be a D-Green function of (PSH +C°°)-type. Let A be an R- 
divisor on X, and Zef b be an A-Green function ofC°°-type. Let a = C\(A, h), that is, a is a 
C°° (1, lyfonn on X such that dd c ([h]) + 5 A = [a] (cf. Proposition \2.3.2$ . IfX is compact 
and a is positive, then there is a positive number t such that g + th is a (D + tA)-Green 
function ofPSH-typeforall t e R> to . 

Proof. For each x e X, let 

g = u x + Y J (- a dtog\fi\ 2 (a-e.), h = v x + Y J (-bi)log\f\ 2 (a.e.) 

i i 

be local expressions of g and b respectively over an open neighborhood U x of 
x. By our assumption, shrinking U x if necessarily, there are a plurisubharmonic 
function p x and a C°°-function ^ such that u x = p x +q x . Moreover, since a is positive, 
shrinking U x if necessarily, we can find a positive number t x such that dd c (q x ) + ta 
is positive for all t > t x . Because of the compactness of X, we can choose finitely 
many x\, . . . ,x r £ X such that X = U Xl U ■ • ■ U U Xr . If we set to = max{t Xl , . . . , t Xr }, 
then, for t > to, 

g + th = p Xj + (q Xj + tv Xj ) + -(«< + tbi) log l/J 2 (a.e.) 

over U Xj . Note that dd c (q x . + tv Xj ) = dd c (q Xj ) + ta is positive, which means that 
q x . + tv x . is a C°° -plurisubharmonic function. Thus g + this of PSH-type. □ 
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2.4. Partitions of Green functions. Let X be a d-equidimensional complex man- 
ifold. Let be a type for Green functions. Besides the properties (1), (2) and (3) 
as in Subsection 12.31 we assume the following additional property (4): 
(4) For an open set U, if u e 3^(11) and v e C°°(U), then e &{U). 
As examples, C° and C°° satisfy the property (4). 

Lemma 2.4.1. Let D be an "R-divisor on X. Let {U A } be a locally finite covering of X 
and let {pa}aga be a partition of unity subordinate to the covering {Ua}aga- Let g A be a 
(D\ u J-Green function of 5* -type on \l\for each A. Then g := £ A pxgx is a D-Green 
function of 3^-type on X. 

Proof. We set D = aiDi + ■■■ + a r D r . Let fi, x be a local equation of D, on an open 
neighborhood U x of x. As g A is a (D| yi )-Green function of i^-type on U A , for A 
with x G U\, 

gA = v A/X - ^ fk log |/^| 2 (a.e.) 
around x, where v^, x s 3^(U A n LT X ). Thus 

A 

= Pa^aJ - Yj Ui log '^ x ' 2 

around x, as required. □ 

The main result of this subsection is the following proposition. 
Proposition 2.4.2. Let gbe a D-Green function of 3~ -type on X and let 

D = b x E x + ■■■ + b r E r 

be a decomposition such that Ei,...,E r e Div(X) and b\, . . . , b r e 1R. Note that Ei is not 
necessarily a prime divisor. Then we have the following: 

(1) There are locally integr able functions gi,..., g r such that gi is an E -Green function 
of -type for each i and g = b\g\ H + b r g r (a.e.). 

(2) If Ei, ...,E r are effective, b x ,...,b r e R> 0/ g > (a.e.) and g is of lower bounded 
type, then there are locally integr able functions gi,. . . ,g r such that gi is a non- 
negative Ej-Green function of 27 -type for each i and g = bigi H + b r g r (a.e.). 

Proof. (1) Clearly we may assume that bi + for all i. Let g' be an E,-Green function 
of C°°-type. Then there is / e 5*(X) such that f = g- (hg\ + ■■■ + b r g' r ) (a.e.). Thus 

8 = + + b 2g'i + ■■■ + brg'r (a.e.). 

(2) Clearly we may assume that bj > for all i. First let us see the following 
claim: 

Claim 2.4.2.1. For each x e X, there are locally integr able functions gi iX , g r>x and an 
open neighborhood U x of x such that g i/X is a non-negative E -Green function of 3* -type 
on U x for every i, and that g = big X/X H + b r g r ,x (a.e.) on U x . 

Proof. Let U x be a sufficiently small open neighborhood of x and let f /X be a local 
equation of E; on U x for every i. Let g = v x + £[ =1 (—&,•) log \f iX \ 2 (a.e.) be the local 
expression of g on U x with respect to fi x ,.. .,f rx - We set I = {i \ f x (x) = 0} and 
J = {i\ f ix (x) * 0}. 
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First we assume I = 0. Then, shrinking U x if necessarily, we may assume that 



v x + Jj-h)lo%\fi, x \ 2 £ &{U X ) 



1=1 



and Ei = on U x for all i. Thus if we set 



|2 



^ +2^(-&/)log \fi, x 



g i/X = (l/rbi) t 

for each i, then we have our assertion. 

Next we consider the case where I + 0. We put f = v x + L /e /( - ^/) l°g l//,*l 2 - Then, 
shrinking U x if necessarily, we may assume that / e J3*(U X ) and is bounded below. 
We set 

f/(h#(I)) ~ log IA.I 2 if i 6 I, 
if z G /. 



Note that g = Yh=i bigi, x (a.e.) and that gi /X > around x for i e I. Thus, shrinking 
U x if necessarily, we have our assertion. □ 

By using the above claim, we can construct an open covering {ITaIaga and locally 
integrable functions gi r \, ... , g r ,A on U\ with the following properties: 

(1) {UaIaga is locally finite and the closure of U\ is compact for every A. 

(ii) gi t A is a non-negative E,-Green function of ^-type on U\ for every i. 

(iii) g = hgi iA + ■■■ + b r g r ,A (a.e.) on U A . 

Let {paIaga be a partition of unity subordinate to the covering {UaIaga- We set 
gt = Ea Pxgi,x- Clearly g t > and 

S = Yj Pa *L ^ L P A E bi ^ A = E h &- 

A A i=l ;=1 

Moreover, by Lemma [2.4.11 gj is an E,-Green function of e^-type. □ 

2.5. Norms arising from Green functions. Let X be a rf-equidimensional complex 
manifold. Let g be a locally integral function on X. For (p £ At(X), we define \(p\ g 
to be 

|c£| g := exp(-g/2)|# 
Moreover, the essential supremum of \<p\ g is denoted by \\<ft\\ g , that is, 

\\<p\\ g := ess sup [\(p\ g (x) |xgx). 

Lemma 2.5.1. (1) || • \\ g satisfies the following properties: 

(1.1) \\A(p\\ g = |A|||(j)|| g /or allAeC and (p e M(X). 

(1.2) \\<f> + xp\\ g < \\<t>\\ g + \\xp\\ g for all cj), xj, e M(X). 

(1.3) For <p g M(X), = i/and only if<f> = 0. 

(2) Let Vbea vector subspace of M{X) over C. If \\<p\\ g < oofor all <p e V, then \\ ■ \\ g 
yields a norm on V. In particular, ifD is an It-divisor, g is a D -Green function 
of 2? '-type and g is of lower bounded type, then || ■ || g is a norm ofH° M (X,D) (cf. 
Proposition |2.3.6|) , where ST is a type for Green functions. 



22 ATSUSHI MORIWAKI 

Proof. (1) (1.1) and (1.2) are obvious. If \\(p\\ g = 0, then \<p\ g = (a.e.). Moreover, as 
g is integrable, the measure of {x G X | g(x) = oo} is zero. Thus \(p\ = (a.e.), and 
hence <p = 0. 

(2) follows from (1). □ 

Let O be a continuous volume form on X. For <p, ip G At(X), if (pip exp(-g) is 
integrable, then we denote its integral 

<fnf> exp(-g)<D 

by (<t>,ip) g . 

We assume that g is a D-Green function of C°-type. We set 

D = fliDi H + fl/D/, 

where D/s are reduced and irreducible divisors on X and a.\, . . . , a r G R. Let us fix 
x G X. Let fi,...,fi be local equations of Di, . . . , D/ around x, and let 

2 

g = u + Y j (-a i )\og\fi\ 2 (a.e.) 

2=1 

be the local expression of g around x with respect to f\, ...,fi. For <p G H^(X, D), 

we set = /j 1 • • around x, where y has no factors of /i, . ..,/;. Note that 
b\,...,bi do not depend on the choice of f\, ...,/;. Since (<ft) + D > 0, we have 
a ; + bi > for all i and u is holomorphic around x. Then 

l<fl g = \fi\ ai+h ■ ■ ■ \fi\ a,+bl \v\ exp(-M/2) (a.e.). 
Let us choose another local equations /[, . . . ,/ ; ' of D lr . . . , D/ around x, and let 

2 

g = M ' + ^(-fl ! )log|/;'| 2 (a.e.) 

2=1 

be the local expression of g around x with respect to f' v . . . ,f' x . Moreover, we set 
<ft = ff' 1 ■ ■ ■ f[ b 'v' around x as before. Then 

\<p\ g = \fT +h ■ ■ ■ l//r ,+ Vl exp(-«72) (a.e.). 

Note that 

\fi\ ai+bl ■ ■ ■ \fi\ ai+hl \v\ exp(-w/2) and \f[\" 1+h ■ ■ ■ [/jT !+ Vl exp(-u'/2) 

are continuous, so that 

\fi\ ai+h ■ ■ ■ \fi\ ai+h \v\ exp(-w/2) = |/(| fll+&1 • • • |//| fl ' +b '|u'| exp(-«'/2) 

around x. This observation shows that there is a unique continuous function h 
on X such that \(p\ g = h (a.e.). In this sense, in the case where g is of C°-type, we 
always assume that \<p\ g means the above continuous function h. Then we have 
the following proposition. 

Proposition 2.5.2. Let gbe a D-Green function of C° -type. 

(1) For <p g H° M (X,D), \(p\ g is locally bounded above. 

(2) IfX is compact, then (cp, \p) g exists for (p, ip G H° M (X, D). Moreover, ( , ) g yields 
a hermitian inner product on H° (X, D). 



X 
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Let X be a d-equidimensional compact complex manifold. Let D be an R-divisor 
on X and let g be a D-Green function of C°-type. Let us fix a continuous volume 
form O on X. Recall that \<p\ g , \\<p\\ g and ((p, ip) g for <p, i/> e H° M (X, D) are given by 

(|0| g := \(p\ exp(-g/2), 
\\(p\\ g := esssup{|(/)| g (x) | x € X}, 

<<3>,i/» g = I #exp(-g)0. 

*• Jx 

As described in Subsection 12.51 we can view |(^| g as a continuous function, so that 
\(p\ g is always assumed to be continuous. 

In this section, let us consider Gromov's inequality and distorsion functions for 
R-divisors. 

3.1. Gromov's inequality for R-divisors. Here we observe Gromov's inequality 
for R-divisors. 

Proposition 3.1.1 (Gromov's inequality for an R-divisor). Let D\, . . . ,Di be R- 

divisors on X and let g\,...,gi be locally integrable functions on X such that g\ is a 
Dj-Green function of C°° -type for each i. Then there is a positive constant C such that 

aigi+-+aigi 

holds for all <p e H° M (X, a\D\ -I + fl/D/) and a\, . . . , aj e R. 

Proof. We can find distinct prime divisors T\, . . . ,Y r on X, locally integrable func- 
tions yi, . . . , y r on X, C°°-functions f\,...,f\ and real numbers such that y ; is a 
T ; -Green functions of C°°-type for each j = 1, . . . , r, 

r r 

Di = ^ aijTj and g { = f + YL ai 'Yi ^ a ' e '- ) ' 

7=1 7=1 



Then 



fliDi -I h fl;D/ = Yj Yj a ' a 'i ^ + Hj fl, '^ ne zero divisor), 

j=i { i=\ ) i=i 

r ( 1 \ I 

aigi + ■■■ + aigi = Y H ai0ti i Yi + Hi a & ^ a - e -^ 



(=1 



7=1 V/=l ) 

Moreover, if we set A = max{|a ;; |}, then 

l r l I (I 

1 + /, kl + ^ ^ fljtfi; < 1 + (Ar + 1)^ N < (Ar + 1) 1 + V |a, 

;'=1 ;'=1 i=\ i=l \ i=l / 

Thus we may assume that D\, . . . D r are distinct prime divisors and 

D r+l = ---=D l = 0. 

Let U be an open set of X over which there are local equations f\, ...,/,- of 
Di, ...,D r respectively. 
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Claim 3.1.1.1. For all <p G H° M (X,aiDi H + fl/D/) and a\, ...,a.\ £ IR, 

<Pf\ aii ---fi ari 

is holomorphic over U, that is, there are b\, . . . , b r G Z and a holomorphic function f on 
U such that <p = f 1 • • • f r ' f and b\ + a\ > 0, . . . , b r + a r > 0. 

Proof. Fix x G U. Let f = eifn ■ ■ ■ f Cj be the prime decomposition of f in ff x ,xr where 
e, £ &xx an< ^ fij' s are distinct prime elements of &x,x- Let D !; be the prime divisor 
given by fj around x. Since <p G H° M (X,aiDi H + fl/D/), we have 

((p) + a\D\ H + fl/D/ = ((p) + a\D\\ -\ + a\JD\ Cl -\ + a r D r \ H h a r D rCr > 

around x. Note that D u , D lci , . . . , D rl , . . . , D rCj . are distinct prime divisors 

:L«iJ rL«iJ rL«r 
11 " Vlcj " Vrl 



around x. Thus <^>/}" 1 "' • • •/} Hl "' • • '/jf"' • ' "/re,.'"' is holomorphic around x. Therefore, 



as 

rL«iJ rL«rJ _ -Lad -lad rL«d r L«iJ r L«rJ fL%J 
il e i r in Jlci Jrl J rc r ' 

(pfl" 1 ^ • ■ • fr is holomorphic around x. □ 

By the above observation, the assertion of the proposition follows from the 
following local version. □ 

Lemma 3.1.2. Let a, b, c be real numbers with a > b > c> 0. We set 

U = {z G C d | |z| < a}, V = {z G C d | \z\ < b) and W = {z G C d | |z| < c}. 

Let <&be a continuous volume form on II, f\,...,f\ G U (U), V\,...,V\ G C°°(U) and 

gi = Vi - log \f\ 2 

for i = 1, . . . , I. For a\, g R, we sef 



y( fll/ ...,flO = |/J 1 ---^7 



/ G ^u(LT) and b\,...,b\ G Z wzfh 
bi + fli > 0, ...,&/ + fl/ > 



(Note that V(a lr ...,«/) is fl complex vector space.) Then there is a positive constant C 
such that 

max{\(p\ 2 exp(-fl!g! a,gi)(z)} 

zeW 

< C(\a x \ + ■■■ + \ai\ + l) 2d I \<p\ 2 exp(-a lgl a lgl )® 

Jv 

holds for all <p g V(a lf . . . ,a!) and all a\,...,a.\ g ]R. 
Proof. We set 

u x = exp(-U!), ...,ui= exp(-z;/), u M = exp^x), ...,u 2 i = exp(v{). 

Then in the same way as fl3l Lemma 1.1.1], we can find a positive constant D with 
the following properties: 

(a) For x ,x g V, Uj(x) > Ui(x )(l - D\x - x Q \') for all i = 1, . . .,21, where \z\' 
■ + ■ •_+ \z d \ for z = (zi, . . . ,Zd) G € d . 

(b) If x e W, then B(x , 1/D) c V, where 

B(x , 1/D) = {x G C d | |x - x l' < 1/D}. 
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We set 



*&can = I dZ\ A d-Z\ A • • • A d.Zd A rfZrf. 



m 

Then we can choose a positive constant e with O > eO Cfl „. For 

(f>=fi 1 ---ft l f£V(a 1 ,...,ai), 

we assume that the continuous function 

\cp\ 2 exp(-a lgl aigi) = l/il 2 ^ • ■ • l/;l 2(b ' +ai) l/l 2 expf-c^ a^) 

on W takes the maximal value at Xo e W. Let us choose e, e {±1} such that a, = e;|fl;|. 
Note that 



exp(-fliUi(x) fl/U/(x)) = J^J exp(-e i Ui(x)) |flil 

i=l 



/ / 



> 



Y[ exp(-e^(x )) |flil 



1=1 



(1 - D\x - Xol') N+ "' +N 



= expi-aMxo) «/f/(x ))(l - D|* - Xol') 18 ^'"^ 8 ' 1 

on B(x , Therefore, 

I |<£| 2 exp(-fligi flig;)^ ^ eexp(-flif i(x ) fl;P/(x ))x 

Jy 

l/i| 2(bl+fll) • • • l/;| 2(b!+8i) l/l 2 (l - D|x - x r) |Hll+ "' +W <XW 



'B(xo,l/D) 

If we set x - x = {r x exp( V-10i), . . . , fd exp( V-10d)), then, by using [8j Theo- 
rem 4.1.3] and the pluriharmonicity of |/ 1 | 2 ( b i+"i) • • • \fi\ 2{b ' +ai) \f\ 2 , 

f \fl\ 2(h+ai) ■ ■ ■ I/H 2(b!+8;) I/I 2 (l - D\X - X \') M+ '" +M ®can 

JB(xq,1/D) 

= J 1+ ... +f4 < I/D ( f • ■ • Jf • • • Iffl^W**. • ■ • «,) 

^ n>0 r^O W0 ^° 7 

X n • • • r d (l - D(n + ■■■ + r rf )) lflll+ - +|fl ' l rfr 1 ■■■dr A 
> (27i) rf |/ 1 (x )| 2(bl+fll) • • • |//(x )| 2(fc ' +fl ' ) |/(x )| 2 

x f r t • • • r d (l - D(rx + ■ • ■ + ri))"^'^'^! • ■ • dr d . 

J[0,l/(dD)] d 

Therefore, we have 



X 



\cp\ 2 expi-axgi aigi)® 

> - — -max{|(/)| 2 exp(-fligi aigi)(z)} 



mpiYfl/Ti' 

(rfD) M 



zeW 



X f f! • • • f d (l - (l/d)(f! + • • • + t d )) M+ - +M dt t ■■■dh 
J\0,l¥ 



Id- 

'[0,1 J'* 

Hence our assertion follows from ||T3l Claim 1.1.1.1 in Lemma 1.1.1]. □ 
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3.2. Distorsion functions for IR-divisors. Let D be an R-divisor on X and let g be 
a D-Green function of C°-type. Let V be a complex vector subspace of H° M (X, D). 
Let (pi,...,<pi be an orthonormal basis of V with respect to ( , ) g . It is easy to see 
that 

\(pi\ 2 g + • • • + \(pi\ 2 g 

does not depend on the choice of the orthonormal basis (pi,...,(pi of V, so that it 
is denoted by dist(V;g) and it is called the distorsion function of V with respect to 

§■ 

Proposition 3.2.1. Let V be a complex vector subspace ofH°(X, D). Then an inequality 

\s\ 2 g (x)<(s,s) g dist(V;g)(x) (VxeX) 
holds for all s eV. In particular, 

|s| g (x)<|^oj \\s\\ gy /dist(V;g)(x) (VxeX). 

Proof. Let e\, . . . , e^ be an orthonormal basis of V with respect to < , ) ? . If we set 
s = a\e\ H v a N eN for s e V, then 

<s,s) g = |fli| 2 + ••• + |fl N | 2 - 

Therefore, by the Cauchy-Schwarz inequality 

\s\ g (x) < |flilh| g (x) + • • • + \a N \\e N \ g (x) 

< VW 2 + • • • + \a N \ 2 yl\ei\ 2 g (x) + ■■■ + \e N \ 2 g (x) 

= ^<s,s) gA /dist(F;L)(x). 

□ 

Lemma 3.2.2. Let g' be another D-Green function ofC°-type such that g < g' (a.e.). Let 
Vbea complex vector subspace ofH°(X, D). Then dist(y; g) < exp(g' - g) dist( V; g'). 

Proof. We can find a continuous function u on X such that u > on X and 
g' = g + u (a.e.). Let (pi,..., (pi be an orthonormal basis of V with respect to 
( , ) g > such that (pi,. ..,(pi are orthogonal with respect to ( , ) ? . This is possible 
because any hermitian matrix can be diagonalizable by a unitary matrix. Then 

(pi (pi 

y/((pi,(pi)g' ' ^((pi,(pi)g 

form an orthonormal basis of V with respect to ( , ) g . Thus 

\(pi\ 2 g \(pi\ 2 g 
dist(y;g)= T * +••• + 



On the other hand, as \(pi\ 2 exp(u) = \(pj\ 2 



{(pi,(pi) g {(pi,(pi)g 

2 
S' 



((t>u(pi)g= f \(pitexp(u)®> [ \(Pi\ 2 ® = 
Jx Jx 



Therefore the lemma follows. □ 
Let us consider the following fundamental estimate. 
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Theorem 3.2.3. Let R = (£) n>Q R n be a graded subring of (£) n>Q H° M (X,nD). If g is 
a D-Green function of C°°-type, then there is a positive constant C with the following 
properties: 

(1) dist(R n ;ng) < C(n + if d for all n>0. 

dist(R„;ng) dist(R w ; mg) dist(R n+m ;(n + m)g) 

<2) C(« + l)" ' C(m + If S C(n + m + ir "' m -°- 

Proof Let us begin with the following claim: 

Claim 3.2.3.1. There is a positive constant Q such that dist(R n ;ng) < C\{n + l) 3d for 
alln > 

Proof. First of all, by Gromov's inequality for an IR-divisor (cf. Proposition 13 . 1 . 1 \ , 
there is a positive constant C such that 

\\m g <C(n + l) 2d {& <f>) ng 

for all (p G H° M (X,nD) and n > 0. Let (pi,. ..,(pi„ be an orthonormal basis of R n . 
Then 



dist(R n ;ng) < ||0i|£ g + • • • + \\(pi n \\ z ng 

< C(n + l) 2d «(/) 1/ (/) 1 ), Ig + • ■ • + ((pi g ,(pi g )„ g ) < C(n + If dimR„, 
as required. □ 
Claim 3.2.3.2. There is a positive constant C2 such that 

dist(-R„; ng) ■ dist(R m ; mg) < C 2 (m + Vf d dist(R„ +m ; (n + m)g) 
for n>m>0. 

Proof. Let t\, . . . , t\ be an orthonormal basis of R m . For each j = 1, . . . , I, we choose 
an orthonormal basis S\, . . . , s r of R n such that s\tj, ... , s r tj are orthogonal in R„ +m . 
We set I = {1 < i < r \ sjj t 0}. As 

Sitj 



iel 



can be extended to an orthonormal basis of R„+ m , we have 

IsH 2 

E- ' )'(tl+Wl)g 
— — — < dist(#„ +m ; (n + m)g). 

iel >' ^' j'( n+m )g 

By using Gromov's inequality as in the previous claim, 

(Sitpsitj^n+^g < (Si,Si) ng \\tj\\l g < C \m + l) 2d (t jr t j) mg = C (rn + l) 2d . 

Hence 



dist(R„;ttg)|£y| 2 g = ^ \Sitj\( n +m)g = ^ l s ^'l(«+m)g 
i=l iel 



C(m + \f d 

1 1 

iel 



."TV \s,t 2 



(S t- S t )f ,l ^ ] '( n+m )S 

<C(m + l) 2d dist(R n+M ; (n + m)g), 
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which implies 

dist(R n ;ng) ■ dist(R m ;mg) < dim(R m )C'(m + l) 2d dist(R„ +m ; (n + m)g), 
as required. 
We set C = max{Ci,8 d C 2 }. Then, f or n > m > 0, 



□ 



C(n + l) 3d C(m + 1) 
C(n + m + l) 3d 



> C 2 (m + lf d 8 d 



( 



n + m + 1 



n + 1 



I 




n + 1 



) 



3d 



2n + l 



= C 2 (w + If. 



Thus the proposition follows from the above claims. 



□ 



4. Plurisubharmonic upper envelopes 



The main result of this section is the continuity of the upper envelope of a family 
of Green functions of PSH K -type bounded above by a Green function of C°-type. 
This will give the continuity of the positive part of the Zariski decomposition. 

Throughout this section, let X be a d-equidimensional complex manifold. Let 
us begin with the following fundamental estimate. 

Lemma 4.1. Let ..,/,. be holomorphic functions on X such that f\,...,f r are not 
zero on each connected component ofX. Let a\, . . . , a r e R> and M e R. We denote 
by PSH(X; /i, . . . , f r , a\,..., a r , M) the set of all plurisubharmonic functions uonX such 
that 



holds over X. Then, for each point x £ X, there are an open neighborhood U x of x and a 
constant M' x depending only on fx,..., f r and x such that 

u <M + M' x {ai + ■■■ + a r ) 

on U x for any u £ PSH(X; fx,..., f r , a\, . . . , a r , M). 

Proof. Let us begin with the following claim: 

Claim 4.1.1. For any u £ PSH(X; /i, . . . , f r/ a x ,..., a r , M), 



holds over X . 

Proof. Clearly we may assume that a, > for all i. Let us fix x £ X. If f(x) = for 
some i, then the right hand side is oo, so that the assertion is obvious. We assume 
that fi(x) ± for all i. Then the right hand side is continuous around x. Thus it 




!=1 




!=1 



follows from Lemma [2.3.11 



□ 
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Claim 4.1.2. Let e e R >0 , a\,...,a d e R> 0/ and MeR. Then 

u<M — 2 log(e/4)(fli + ■■■ +a d ) 

holds on A d e/4 for any u e PSH(A^;z!, . . . ,z d ,a.\, . . .,a d ,M), where {z\, ...,z d ) is the 
coordinate ofC d and 

Af = {{z 1 ,...,z d )e€ d \\z l \<t,...,\z d \<t). 

for t G R> . 

Proof. Note that if (z lr . . . , z d ) e A* then 

{( Zl + (e/2)e 2nie \ ...,z d + (e/2)e 2me «) \ Q x , . . . , 6 d e [0, 1]} c A d e . 
Moreover, as 

e/2 = \{el2)e lnie i\ = \ Zj + (e/2)e 2nie i - z } \ 

< \ Zj + {el2)e lnie i\ + \Zj\ < \z ] + {el2)e 2nie >\ + e/4, 

we have \z ] + (e/2)e 2nW i \ > e/4 for / = 1, . . . , d. Thus, by [8, Theorem 4.1.3], 

u(z lf ...,z d )< f ••• f u(z 1 + (e/2)e 2nie \...,z d + (e/2)e 2nie «)dd 1 ---dd d 
Jo Jo 

d0\ ■ ■ • dO d 



■■■ M-Y ajlog\Zj + (e/2)<? nie i\ 2 

o Jo ~T 

V i- 1 J 

= M-Vfl; log\Zj + (e/2)e 2nW i\ 2 d6j 

d p.\ d 

<M-Yaj log(e/4) 2 rf6> ; =M-21og(e/4)Y a } . 

□ 

Next we observe the following claim: 

Claim 4.1.3. JfSupp{x e X | /i(x) • ■ • f r {x) = 0} is a normal crossing divisor on X, then 
the lemma holds. 

Proof. We choose an open neighborhood V x such that V x = A d and 

Suppfr € X | /i(z) ■ • ■ f T (x) = 0} 

is given by \z\ - ■ -Z\ = 0}. Then there are G Zl> and nowhere vanishing holo- 
morphic functions V\, . . . , v r on Af such that 

ji — z 1 • • • z l v\, . . . ,j r — Zj •• •z l v r . 

Thus 



M - Yj a i lo g L/il 2 =M~Y j a i log N 2 - \Yj a & 



log 
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We choose Mi,M 2 e 1R such that Mi = maxjfy, | i = l,...,r,j = and 
M 2 > max 26A rf {- log |Ui( z )l 2 } ror all i- Then 

r I 

M - V cii log \fi\ 2 <M + M 2 (a 1 + • • • + a r ) - V Mi(fli + •••+«,.) log |z ; | 2 

(=1 ;=1 

on A^ /2 . Thus, by the previous claim, for any u e PSH(X; ft,..., f r , a\,..., a r , M), 
u < M + (M 2 - 2 log(l/8)ZMi)(fl! + • • • + Or) 

onA W D 

Let us start a general case. Let n : X' — > X be a proper bimeromorphic map 
such that Supp({7i*(/i) • • • n*(f r ) = 0}) is a normal crossing divisor on X'. Note that 
if u is a plurisubharmonic function on X, then n*(u) is also plurisubharmonic on 
X' (cf. |0 Corollary 2.9.5]). By the above claim, for each point y £ 7i _1 (x), there 
is an open neighborhood U y of y and a constant M y depending only on fx,..., f r 
and y such that, for any u e PSH(X; ft,..., /,-, «i, . . . , fl,-, M), 

/*(«) < M + M^(fli + • • • + a r ) 

on U y . As 7z _1 (x) c Ui/en-i(.r) an d is compact, there are y\,...,y s such that 

7T _1 (x) c U yi U ■ • ■ U LTy s . We can choose an open neighborhood U x of x such that 
n- l {U x ) c LT yi U • • • U LTy s . Thus, if we set M; = max{M yi , . . .,M' y J, then 

f*{u) < M + M^(fli + --- + a r ) 

on 7i _1 (Lr x ), and hence the lemma follows. □ 

Let a be a continuous (1, l)-form on X. We set 



PSH(X;a) := 



(i) <f> : X {-oo} U R. 

(ii) (p G (C°° + PSH)(X). 

(iii) [«] + dd c ([(/)]) > 0. 



First we observe the following lemma. 

Lemma 4.2. We assume that X is compact and that a + dd c (xpo) is either positive or 
zero for some 0° -function ip on X. Ifcp e PSH(X;«) n C°(X), then there are sequences 

{<MJT =1 and {<P«}»=i in 

PSH(X;a)nC°°(X) 
such that (p n < (p < <p n on Xfor alln > 1 and that 

lim ||0 - 0„|| sup = lim \\(p n - (p\\ sup = 0. 

n— >oo ' n— >oo 

Proof First we assume that a = dd c (-\po) for some C°°-function \p on X. Then 

PSH(X; a) = {i^ + c|ceRU {-oo}} 

because X is compact. Thus the assertion of the lemma is obvious. 

Next we assume that a is positive. By |4} Theorem 1], there is a sequence of 
{<pn}™ = i 111 PSH(X; a) n C°°(X) such that 

<Pl(x) > <p 2 (x) > ■ > (p n (x) > <p n +l(x) > ■ > (p(x) 

and <p(x) = lim^oo (p n (x) for all x e X. Since X is compact and <p is continuous, it is 
easy to see that lim^oo \\<p n - (/)|| SU p = 0. We set (p n = cp n - \\cp n - <^»|| sup for all n > 1. 



ZARISKI DECOMPOSITIONS ON ARITHMETIC SURFACES 31 

Then <p n G PSH(X;«) n C°°(X) and 0„ < (p. Note that ||0 - 0„|| sup < 2\\<p n - (p\\ sup . 
Thus lim^^oo \\<p - (p n \\ sup = 0. 

Finally we assume that a' = a + dd c (\po) is positive for some C°°-function \po on 
X. Then 

<f>' :=<(>- xp € PSH(X;«') n C°(X). 
Thus, by the previous observation, there are sequences {<^}"=i an d { < Pn}n=i^ n 

PSH(X; a' ) n C°°(X) 
such that (p' n <(p' < (p' n on X for all n > 1 and that 

lim ||0' - (p' n \\ sup = lim \\<p' n - (p'\\ sup = 0. 

We set <ft n := <ft' n + ip and <p„ := (p' n + ip for every n > 1. Then 

0„, cp„ e PSH(X; a) n C°°(X) and (p n < (p < cp n 

for all n > 1. Moreover, lim^oo \\(p n - (p\\ sup = lim,,-^ \\<p n - 0|| sup = 0. □ 

Let A be an R-divisor and let g A be an A-Green function of C°°-type on X. Let 
a = C\(A,g A ), that is, a is a C°°-form such that 

[a] = dd c ([g A ]) + b A 

(cf. Proposition 12.3.2)) . Here let us consider the natural correspondence between 
Gpsh(X; A) and PSH(X; a) in terms of g A . 

Proposition 4.3. If (p & PSH(X;a), then (p + g A e Gpsh(X;A). Moreover, we have the 
following: 

(1) For u e Gpsh(X; A), there is <p g PSH(X;a) such that <p + g A = u (a.e.). 

(2) For (pi,(p 2 ePSH(X; a), 

(pi < (p 2 <^> (pi + gA < (pi + gA (a.e.). 

(3) For (p G PSH(X;a), 

<f,(x) ^-oo(VxsX) <=> (p + g A e Gp SHR (X; A). 

(4) For (p G PSH(X;a), 

0eC°°(X) <=> cp + g A eGc°°(X;A). 

(5) For (p G PSH(X;«), 

G C°(X) <=> + g A G G c o(X; A). 

Proof. We set A = «iDi H h fl/D/, where D,'s are reduced and irreducible divisors 

on X and a\,...,a\ G R. Let IT be an open set of X and let f\, . . . , fi be local equations 
of Di, . . . , Di on U respectively. Let 

g A = h~Y_ i a i log \f\ 2 (a.e.) 

!=1 

be the local expression of g A with respect to /i, . . . , //, where G C°°(U). Then 

g A + (p = (h + (P) - tk log \f\ 2 (a.e.). 

i=i 

Since a = dd c (h) on U, we have 

dd c ([h + (j)]) = [a] + dd c ([(p]) > 0. 
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Thus g A + <p e G P sh(X; A) and 

i 

g A + (p = (h + ( p)-Y j ai log \fi\ 2 (a.e.). 
1=1 

is the local expression of g A + <p with respect to f\, ...,//. 

(1) For M eG PSH (X;A),let 

u = p- ^ fl/log |/;| 2 (a.e.) 

;=i 

be the local expression of u with respect to fx, . . . , fi, where p is plurisubharmonic. 
It is easy to see that p - h does not depend on the choice of the local equations 
fx, ...,//. Thus there is a function <p : X — > {-oo} U R such that <p is locally given 
by p - h. Moreover 

dd c ([p - h]) + [a] = dd c ([p]) > 0. 

Hence <p e PSH(X;«) and <p + g A = u (a.e.). 

(2) Clearly 

(pi < (p 2 (a.e.) (pi+gA<(p2 + gA (a.e.). 

On the other hand, by Lemma 12.3.11 

(pi < (p 2 (pi < (pi (a.e.). 

(3) , (4) and (5) are obvious because 

<t> + gA = (h + (p)~ Yj a i lo g l/il 2 ( a - e -) 

is a local expression of <p + g A and h is C°°. □ 

Let 3~ be a type for Green functions on X such that PSH is a subjacent type 
of 3 ' , that is, the following property holds for an arbitrary open set U of X: if 
u < v (a.e.) on U for u e PSH(U) and v e ,^{U), then u < v on U. 

Proposition 4.4. Let A and B be It-divisors on X with A < B. Let h be a B-Green 
function of ST -type on X such that h is of upper bounded type. Let {^aIaga be a family of 
A-Green functions ofFSYL-type on X. We assume that gx<h (a.e.) for all A e A. Then 
there is an A-Green function g ofFSH-type on X with the following properties: 

(a) Let us fix an A-Green function g A of C°°-type. Let a be a unique C°°-form with 
[a] = dd c ([g A ]) + 5 A . If we choose <p e PSH(X;«) and (p\ e PSH(X; a) for each 
A G A such that g = g A + (p (a.e.) and g A = g A + (p\ (a.e.) (cf. Proposition |4.3[) , 
then <p is the upper semicontinuous regularization of the function given by 

x i ► sup{(p A (x)}. 

A e A 

In particular, g can is the upper semicontinuous regularization of the function given 
by 

x ^ sup{(g A ) can (x)} 

AeA 

over X \ Supp(A). 

(b) g < h (a.e.). 

(c) If there is g A such that g A e G FS h u (X;A), then g e G PS h r (X; A). 
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Proof. Let A = a 1 D 1 H h ajDj and B = b\D\ -\ h biDi be the decompositions of 

A and B such that D/s are reduced and irreducible divisors, a%, . . . , a.\, by, . . . , bi G 1R 
and Di U • • • U D; = Supp(A) U Supp(B). Let U be an open set of X and let fx,---,fi 
be local equations of D\, ...,Di over U respectively. Let 

h = v + Y J (-b t nog\f i \ 2 (a.e.) 

1=1 

be the local expression of h with respect to fx, ...,//. Moreover, let 

gA =u A + Yj(- a i) io g \/i\ 2 ( a - e -) 
1=1 

be the local expression of g A with respect to fx, ...,fi. Then 

w A < v - J^(bi - di) log \fi\ 2 (a.e.) 

1=1 

holds for every A G A. Note that u is locally bounded above. Thus {waIaga is 
uniformly locally bounded above by Lemma |4~T1 Let u be the function on U given 

by 

u(x) = swp{u A (x) | A G A}. 

Let u be the upper semicontinuous regularization of u. Then u is plurisubharmonic 
on U (cf. Subsection I2.1[) . Let //, •••,// be another local equations of D lr . . . , D/. 
Then there are ex, . . . , e n G ^(U) such that fj = e,/, for all i, so that 



Sa = 



u A + «i log |e ; | 2 + !og I/;' I 2 (a.e.) 



is the local expression of g A with respect to f[,. •■,//• Thus, if we denote the 
plurisubharmonic function arising from f' v . . . , f! by u', then, by Lemma [2.3.11 

/ 

u' = u + ^ a, log |e ; | 2 . 

i=i 

This means that 

u + ^(-fli)log [fl 2 

i=l 

does not depend on the choice of fi,...,fi over IT \ Supp(A). Thus there is g G 
G PSH (X;A) such that 

s"L = ^ + X!< (_ai ' )lo s i^i 2 ( a - e -)- 

i=i 

Let gA = u A + X,! =1 (-a,)log |/j-| 2 (a.e.) be the local expression of gA with respect 
to f\, ...,//. Then <p A = u A - u A and <ft = u - u A . Thus (a) follows. 

By (a), g can is the upper semicontinuous regularization of the function g' given 
by g'(x) = sup AeA {(g A ) can (x)} over X\Supp(A). As PSH is a subjacent type of we 
have (gA)can ^ ^can on X \ (Supp(A) U Supp(B)) for all A G A. Note that g = g' (a.e.) 
(cf. Subsection I2.1|). Thus we have g < h (a.e.). 
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Finally we assume that g\ G Gpg HlR (X; A) for some A. Then u A < u (a.e.), so that 
u A < u by Lemma |2.3.1[ Thus u(x) ^ -co. Therefore, g G G P sh r (X; A). □ 

Let A be an R-divisor on X and let g be a locally integrable function on X. We 
set 

G^(X; A)< g := {u G G^(X; A) | u < g (a.e.)}, 
where G «?(X; A) is the set of all A-Green functions of i^-type on X. 

Lemma 4.5. Let A and B be "R-divisors on X with A <B. Let g B be a B-Green function 
of C°° -type (resp . C°-type). There is an A-Green function g A of C°° -type (resp. C°-type) 
such that 

g A < gB (a.e.) and G PSH (X;A)<^ = G PSH (X; A)< gB . 

Proof We set A = a{D\ -\ \-a n D n and B = b\D\-\ h b n D n , where D ; 's are reduced 

and irreducible divisors on X and a\, . . . , a n , b\,...,b n G R. For x G X, let U x be 
a small open neighborhood of x and let fi,...,f n be local equations of D\, ...,D„ 
on LT X respectively. Note that if x £ D„ then we take /, as the constant function 1. 
Let gB = h x - Yui bi log \f\ 2 (a.e.) be the local expression of gB on U x with respect to 
/i, . . . ,/„. Shrinking LT X if necessarily, we may assume that there is a constant M x 
such that \h x \ < M x on U x . 

Claim 4.5.1. There are an open neighborhood V x of x and a positive constant C x such 
that V x C U x , 

h x + C x - ^ «» log \f\ 2 < g B (a.e.) 

i 

on V x and that 

u<h x + C x -Y^ai log \f\ 2 (a.e.) 

i 

on V x for all u G Gpsh(X; A)< gB . 

Proof. Foru G GpsH(X;A)< gB ,letu = p x (u)-£ ; a; log |/| 2 (a.e.) be the local expression 
of u on U x with respect to fx, . . .,f n . Then u < g B (a.e.) is nothing more than 

p x (u) <h x - Yj&i - at) log \f\ 2 (a.e.). 

If either a, = bjorx $ D, for all i, then «;) log |/;| 2 = OonLT x . Thus our assertion 
is obvious by taking C x = 0, so that we may assume that a, < bi and x G D, for 
some i. By Lemma 14.11 there are an open neighborhood U' x of x and a positive 
constant M£ such that U' x c JJ X and < M x on for all u G Gpsh(X; A)< gB . 
Note that 

m' x = -Mx + (m; + M x ) < h x + (m; + M x ) 

on U x . Thus if we set C x = M' x + M x , then p x (u) < h x + C x on U' x for all 
u G G P sh(X; A)< gB . As lim y ^ x - fl,) log |/;| 2 (y) = -co, we can find an open 
neighborhood V" T of x such that C U' x and C x < _ fl ()logl//l 2 ° n Kr- 

Therefore, 

< ft* + C x < /z x - ^(fej - a,-) log |/i| 2 

i 

on for all u G Gpsh(X; A)< gB , as required. □ 

By using Claim l4T5.ll we can find an open covering {V^Jasa of X and a family 
of constants {C a }aga with the following properties: 
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(1) {VaIaga is a locally finite covering. 

(2) There are local equations / A/ i, . . . ,fx, n of Dx, ...,D n onV A respectively. 

(3) Let g B = h A - Yui bi log |/a,;| 2 (a.e.) be the local expression of g B on V A with 
respect to/ A/1 , . . . , f A , n - Then 

h A + C A ~Y^ <k log I/a/ < gB (a.e.) 

on V A and that 

u < hx + C x - ^ fl,- log |/ A/ ,| 2 (a.e.) 

i 

on V A for all u G G PSH (X; A)<^ B . 
Let {paIaga be a partition of unity subordinate to the covering {VaUsa- We set 

A V i 

By Lemma 12.4.11 g A is an A-Green function of C°°-type (resp. C°-type). Moreover, 
gA < gB (a.e.) and u < g A (a.e.) for all u e Gpsh(X; A)< gg . Therefore the lemma 
follows. □ 

The following theorem is the main result of this section. 

Theorem 4.6. Let A be an 'R-divisor on X. IfX is projective and there is an A-Green 
function h ofC°°-type such that dd c ([h]) + 5a is represented by either a positive C°°-form 
or the zero form, then we have the following: 

(1) Let B be an ~R-divisor on X with A <B. Let g B be a B-Green function ofC°-type. 
Then there is g e G c o nPSH (X; A) such that g < g B (a.e.) and 

u<g (a.e.) (Vw G G PSH (X; A)< gB ). 

(2) If u G G c o nPSH (X; A), then there are sequences {u„}™ =1 and {v„}™ =1 of continuous 
functions on X with the following properties: 

(2.1) u n > and v n > Ofor all n>l. 

(2.2) lim^^oo ||w n || su p liiriji^oo ll^nllsup — 0. 

(2.3) u - u n ,u + v n G Gc»nPSH(X; A) all n > 1. 

Proof. (1) Let us begin with the following claim: 

Claim 4.6.1. There is g G Gpsh k (X; A) such that g < g B (a.e.) and 

u<g (a.e.) (Vw G G PSH (X;A)<£ B ). 

We say g is the greatest element o/Gpsh(X; A)< gB modulo null functions. 

Proof. Note that PSH is a subjacent type of C° by Lemma 12.3.11 and that h - c G 
Gpsh r (X; A)< gB for some constant c. Thus the assertion follows from Proposi- 
tion S31 □ 

Claim 4.6.2. Ifg B is ofC°°-type, then the assertion of (1) holds. 

Proof. By Lemma |4~5l we may assume that A = B. Let a = C\{A, g A ), that is, a is a 
C°°-form such that [a] = dd c ([g A ]) + 5 A . We set 

PSH(X;«)< = {ip£ PSH(X;«) | ip < 0}. 

By our assumption, we can find a C°°-function i/> such that g A + ipo =h (a.e.). Note 
that [a + dd c (ip )] = dd c ([h]) + 5 A . Thus a + dd c (ip ) is either positive or zero. 
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First we assume that a + dd c (xp ) is positive. Let g be the greatest element of 

G PS h(X; A)< gA 

modulo null functions (cf. Claim I4.6.1|) . We choose cp £ PSH(X; a) and xp u £ 
PSH(X; a) for each u £ Grsn(X;A)< gA such that g = g A +(p (a.e.) and u = gA+ipu (a.e.) 
(cf. Proposition |4.3|) . Then 

{ip u \u£ Gp SH (X;A)< g J = PSH(X;«)< . 

Moreover, by our construction of g (cf . Proposition I4.4I and Claim |4.6.1|) , <p is the 
upper semicontinuous regularization of the function cp' given by 

cp'(x) = sup{i/>„(x) I u £ G PSH (X;A)<^}(= sup{i/>(x) | xp £ PSH(X;«)< }) 

for x £ X. On the other hand, by [3, Theorem 1.4], cp' is continuous. Thus <p = <p' 
and <p is continuous. Therefore the claim follows by Proposition 14.31 

Next we assume that a + dd c (xp ) = 0, that is, a = dd c (-xp ). Then 

PSH(X; «) = {i|) + c|c£RU {-oo}} . 

Let g be the greatest element of Gpsh(X; A)< gA modulo null functions. Then, by 
Proposition 14.31 there is c £ IR such that g = gA + (i/'o + c) (a.e.). Thus the claim 
follows in this case. □ 

Finally, let us consider a general case. First of all, we may assume A = B as 
before. We can take a continuous function / on X such that gA = h + f (a.e.). 
By using the Stone- Weierstrass theorem, there is a sequence {u n }™ =1 of continuous 
functions on X such that lim,,^ ||u„|| SU p = and / + u n is C°° for every n. Then, as 
gA + u n = h + (f + u n ) (a.e.), gA + u n is of C°°-type for all all n. Let g (resp. g„) be the 
greatest element of G P sh(X; A)< gA (resp. G P s H (X; A)< gA+Un ) modulo null functions. 
Note that the greatest element of G P sh(X; A)< gA± \\ Un \\ suv modulo null functions is 
given by g ± ||w n || sup . By the previous claim, g n £ G c o nPSH (X; A). Moreover, since 

gA - IKILp < gA + u n < g A + IKHsup (a.e.), 

we have 

g ~ IKILp < g n < g + IKILp (a.e.) 

for all n. Let g = v + L!=i( _fl /) log l/;l 2 (a.e.) and g n = v„ + Li=i( _fl i)l/i'l 2 (a.e.) be local 
expression of g and g„. Note that v n is continuous for every n. By Lemma 12.3.11 
^ _ l|w )3 ||sup < v n < v + ||w )3 || sup holds for all n. Thus v n converges to v uniformly, 
which implies that v is continuous. 

(2) Let a' be a C°°-form such that [a'] = dd c ([h]) + 5a- By our assumption, a' is 
either positive or zero. By Proposition 14.31 there is xp £ PSH(X;a') such that xp is 
continuous and xp + h = u (a.e.). Thus, by Lemma l4~2l there are sequences {u n }™ =1 
and {v n }™ =1 of continuous functions on X with the following properties: 

(a) u n > and v n > for all n > 1. 

(b) lim,;—)^ ||w n || su p lirriji^oo ll^nllsup 0- 

(c) xp - u n/ xp + v n £ PSH(X; a') n C°°(X) for every n > 1. 

Note that u-u n = (xp - u n ) + h (a.e.) and u + v n = (xp + v n ) + h (a.e.). Therefore, by 
Proposition 14.31 u - u n ,u + v n £ G c ~nPSH(X; A). □ 
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5. Arithmetic R-divisors 

Throughout this section, let X be a d-dimensional generically smooth and nor- 
mal arithmetic variety, that is, X is a flat and quasi-projective integral scheme over 
Z such that X is normal, X is smooth over Q and the Krull dimension of X is d. 

5.1. Definition of arithmetic R-divisor. Let Div(X) be the group of Cartier divi- 
sors on X. An element of 

Div(X) K := Div(X) ® z R (resp. Div(X) Q := Div(X) ® z Q) 

is called an "R-divisor (resp. Q-divisor) on X. Let D be an R-divisor on X and let 
D = a 1 D 1 + ■ ■ ■ + ciiDi be the unique decomposition of D such that D/s are prime 
divisors on X and a\, . . . ,a\ e R. Note that D/s are not necessarily Cartier divisors 
on X The support Supp(D) of D is defined by {Jie{i\ ai *o} Di- ^ a i - f° r au */ then D 
is said to be effective and it is denoted by D > 0. More generally, for D, E e Div(X) R , 
if D - E > 0, then it is denoted by D > E or E < D. We define H°(X, D) to be 

H°(X, D) = {<p e Rat(X) x | (0) + D > 0} U {0}, 

where Rat(X) is the field of rational functions on X. Let F OT : X(C) — > X(C) be the 
complex conjugation map on X(C). Let g be a locally integrable function on X(C). 
We say g is F ^-invariant if E* x {g) = g (a.e.) on X(C). Note that we do not require 
that F* m (g) is identically equal to g on X(C). A pair D = (D, g) is called an arithmetic 
R-divisor on X if g is -invariant. If D e Div(X) (resp. D e Div(X)<Q), then D is 
called an arithmetic divisor on X (resp. arithmetic Q-divisor on X). For arithmetic 

R-divisors D\ = (D\,g\) and D 2 = (D 2 ,g2), C>i = D 2 and D\ < D 2 (or D 2 > Di) are 
defined as follows: 

' — — def 

Di = Di <s =^ Di = Di and gi = g 2 (a.e.), 

i — — def 

Di < D 2 Di < D 2 and gi < g 2 (a.e.). 

If D > (0, 0), then D is said to be arithmetically effective (or effective for simplicity). 
For arithmetic R-divisors D and E on X, we set (-oo,D], [D, oo) and [D, E] as 
follows: 

(-oo, D] := {M | M is an arithmetic R-divisor on X and M < D}, 
< [D,oo) ■= {M\ M is an arithmetic R-divisor on X and D < M}, 
[D, E] := {M | Mis an arithmetic R-divisor on X and D < M < E}. 

Let ^ be a type for Green functions on X, that is, 2? is a type for Green 
functions on X(C) together with the following extra Foo-compatibility condition: 
Hue S?(U) for an open set XI of X(C), then F* 0O (w) e ^(F^(U)). On arithmetic 
varieties, we always assume the above F OT -compatibility condition for a type for 
Green functions. We denote 

{u e nX(C)) | u = F*Ju)} 

by ST{X). Note that ST{X) is different from ^(X(C)). Clearly C° and C°° have Foo- 
compatibility. Moreover, by the following lemma, PSH and PSHr have also Foo- 
compatibility. If two types 2? and for Green functions have Foo-compatibility, 
then & + and & - &' have also Foo-compatibility. 
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Lemma 5.1.1. Let fi,...,f r e R[X lr X N ] and 

y = Spec(C[X 1/ ... / X N ]/(/ 1/ . ..,/,)). 

We assume that V is e-equidimensional and smooth over C. Let F OT : V — > V be the 
complex conjugation map. If u is a plurisubharmonic function on an open set U ofV, 
then F^(u) is also a plurisubharmonic function on F~ 1 (li). 

Proof. Fix x G U and choose i\ < ■■■ < i e such that the projection p : V — > C e 
given by {x\, Xn) (Xi lf x le ) is etale at x. Note that the following diagram 
is commutative: 

V -^-> V 

Let U x be an open neighborhood of x such that p\ : U x — > W x = p(U x ) is an 

I Ll x 

isomorphism as complex manifolds. Then pL_ lm . : F^(U X ) — » F^, 1 (W X ) is also 
an isomorphism as complex manifolds. This observation indicates that we may 
assume V = C c in order to see our assertion. 

Let y e F~J(U) c C e and ^£ C such that y + £exp( ^Tid) e F~J(U) for all 
< 6 < 2n. Then 

1 f 2n 

FJwXy) = u(y) < — J o u(y + |exp( V=10))d0 

i r 2n 

= ^- w(y + ^ex P (- yPid))dd 

2^ Jo 

= 2^ / "(y + ^expCV^©)!^ 

i r ln 

= 2^i Foo(U) ( y + * 6XP( ^' 
which shows that F^(u) is plurisubharmonic on F~ 1 (U r ). □ 



Let D be an R-divisor on X and let g be a D-Green function on X(C). By the 
following lemma, \{g + F^(g)) is an F OT -invariant D-Green function of 5^-type on 
X(C). 

Lemma 5.1.2. If g is a D-Green function of 3? -type, then F^(g) is also a D-Green 
function of 2? -type. 

Proof. Let D = a{D\ H v a x Di be a decomposition of D such that a\, . . . , a\ e R and 

D/s are Cartier divisors on X. Let U be a Zariski open set of X over which D ; can 

be written by a local equation cp { for each i. Let g = u + Yu\=\{~ a i) log l^/l 2 ( a - e -) b e 
the local expression of g with respect to (pi, ...,(pi over LT(C). Note that F^(<^) = 0; 

as a function over LT(C). Thus P^ig) = F^(u) + J2 f=1 (— a,-) log |</>i| 2 (a.e.) is a local 
expression of F^(g), as required. □ 
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We define Div^(X), Div^(X)Q and Div^(X) R as follows: 

D G Div(X) and g is an F x -invariant 
D-Green function of ^-type on X(C). 



Div^(X) := \ (D,g) 



Div^(X) Q := UD,g) 



Div^(X) R := UD,g) 



D G Div(X)q and g is an -invariant 
D-Green function of ^-type on X(C). 

D G Div(X) R and g is an F^-invariant 
D-Green function of ^-type on X(C). 



An element of Div^(X) R (resp. Div^(X)q, Div^(X)) is called an arithmetic R- 
divisor of Sf-type on X (resp. arithmetic Q-divisor of 3^-type on X, arithmetic divisor 
of 2? -type on X). Let D = (D,g) be an arithmetic R-divisor of 3? -type. Then, as 
Pcoig) = g (a.e.), wecan see that F^g^) =Jfam holds X(C) \ Supp(D)(C). 

Here we recall Pic c o(X), Pic c o(X)Q and Pic c o(X) R (for details, see O). First of 
all, let Pic c o(X) be the group of isomorphism classes of Foo-invariant continuous 
hermitian invertible sheaves on X and let Pic c o(X)q := Pic c o(X) <g) z Q. For an 
Foo -invariant continuous function / on X(C), G{f) is given by (<^X/exp(-/)| • | can ). 
Then Pic c o(X) R is defined to be 



Pic c o(X) R := 



Pic c o(X) ® Z R 



L,- 0(fd ® ai 



fi,...,f r eC°(X) and 1 
a r G R with Yji a if = J 

where C°(X) = {/ G C°(X(C)) | F„(f) = /} as before. Note that there is a natural 
surjective homomorphism & : Div c o(X) — > Pkco(X) given by 

&{D,g) = {& x {D),\-\ g ), 

where |l| g = exp(-g/2). 

5.2. Volume function for arithmetic R-divisors. We assume that X is projective. 
Let D = (D, g) be an arithmetic R-divisor on X. We set 

H°(X,D) = {(/)GH (X,D)|||(/)||,<1} 

and _ _ 

- ( log ##°(X, D) if H°(X, D) is finite, 



h v (X,D) = 



oo 



otherwise, 

where \\<ft\\ s is the essential supremum of \<p\ g = \<p\ exp(-g/2). Note that 

H°(X,D) = {(f> G Rat(X) x | (0) + D > 0} U {0}. 
The volume vol(D) of D is defined to be 

h°(X,nD) 



vol(D) = lim sup 



n d /d\ 



For arithmetic R-divisors D and D on X, if D < D , then H°(X, D) c F/°(X, D ) and 
vol(D) < vol(D ) hold. 
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Proposition 5.2.1. Let ST be a type for Green functions on X and let D = (D,g) be an 
arithmetic 'R-divisor of SF-type on X. If g is either of upper bounded type or of lower 
bounded type, then H°(X,D) is finite. Moreover, if g is of upper bounded type, then 
vol(D) < oo. 



Proof. First we assume that g is of lower bounded type. Then, by Lemma 12.5.11 
|| • |L yields a norm of H°(X, D), and hence the assertion follows. 

Next we assume that g is of upper bounded type. Then, by Proposition 12.3.61 
there is an F OT -invariant D-Green function g' of C°°-type such that g < g' (a.e.). By 

Proposition l2.4.2i we can choose CL\, . . . ,ai 6 R and D\, . . . ,Di e Div c ~(X) such that 
(D,g') = a-JDi + ■ ■ ■ + a\D\. For each i, by using Lemma [5.2.31 and Lemma [5.2.41 we 
can find effective arithmetic divisors A,- and B, of C°°-type such that D, = A, - £>,. 

As _ _ _ _ 

(D,g') = a^Ai + ■ ■ ■ + aiAi + (-a 1 )B 1 + ■■• + (-afiBi, 

if we set d" = \a{\A 1 + ■■■ + \a{\Ai + r(-«i)lBi + • • • + \{-a ] )'\Bi, then {D,g') < d" 
and D" e Drv c »(X). Note that 

H°(X,nD) c fi\X,n{D,g')) c H°(X,nD") = H o (X,0(l5"f n ) 
for all n > 1. Thus our assertion follows from |[T3l Lemma 3.3]. □ 



Here we consider the fundamental properties of vol on Div c o(X)R. 
Theorem 5.2.2. There is a natural surjective homomorphism 

^ R : Drv c o(X) E Pic C "(X)R 
such that the following diagram is commutative: 

Drv c o(X)®z]R Pic c o(X)® z ]R 



Div c o(X) K 
Moreover, we have the following: 
(1) For all D 6 Div c o(X)]R, 

vol(D) = lim 



Pic c o(X) K . 



h°(tD) 
tZ£ t d /d\ 



vol(^ R (D)), 



where t G R >0 and vol(^ > R (D)) is the volume defined in [14, Section 4]. 

(2) vol(flD) = a d vol(D)for all a e R> and D e Div c o(X)]R. 

(3) (Continuity of vol) Let D\, D r ,A\, ...,A r > e Div c o(X) R . For a compact set 
B in W and a positive number e, there are positive numbers 5 and 5' such that, 
for all a r , Si, ... , <5,.' e 1R and <p e C°(X) with (a\, . . . , a r ) e B, £y =1 \6j\ < 5 
and \\<ft\\sup ^ S', we have 

( r r' \ / r 



vol 



y aiDi + y S,A, + (0, <b) - vol Y a t D 



< e. 



ZARISKI DECOMPOSITIONS ON ARITHMETIC SURFACES 



41 



Moreover, if D\, ... , D r/ A\, . . . , A r > are C°°, then there is a positive constant C 
depending only on X and D\, . . . , D r , A\,..., A r > such that 



for all a r , 6\, . . . , 5 r > e IR and <p e C°(X). 

(4) Let Di and D 2 be arithmetic H-divisors of C°-type. If D\ and D 2 are pseudo- 
effective (for the definition ofpseudo-effectivity, see SubSection \6.l$ , then 



(5) (Fujita's approximation theorem for arithmetic H-divisors) IfD is an arithmetic 

It-divisor of C°-type and vol(D) > 0, then, for any positive number e, there are 
a birational morphism \i : Y — > X of generically smooth and normal projective 

arithmetic varieties and an ample arithmetic Q-divisor A of C°°-type on Y (cf. 

Section® such that A < p*{D) and vol(A) > vol(D) - e. 

Let us begin with the following lemmas. 

Lemma 5.2.3. Let Ybea normal projective arithmetic variety. Then we have the following: 

(1) Let Zbe a Weil divisor on Y. Then there is an effective Cartier divisor A on Y 
such that Z < A. 

(2) Let Dbe a Cartier divisor on Y. Then there are effective Cartier divisors A and B 
on Y such that D = A-B. 

(3) Let %i,...,Xi be points of Y and let D be a Cartier divisor on Y. Then there are 
effective Cartier divisors A and B, and a non-zero rational function <p on Y such 
that D + (<p) = A-B and X\,...,x\$. Supp(A) U Supp(B). 

Proof. (1) Let Z = fliTi + • • • + aiTi be the decomposition such that T/s are prime 
divisors on Y and a\, . . . , a\ e ZL Let L be an ample invertible sheaf on Y . Then 
we can choose a positive integer n and a non-zero section s e H°(Y, L® n ) such that 
multr,(s) > Oi for all i. Thus, if we set A = div(s), then A is a Cartier divisor and 



(2) First of all, we can find effective Weil divisors A' and B' on Y such that 
D = A' - £>'. By the previous (1), there is an effective Cartier divisor A such that 
A' < A. We set B = B' + (A - A'). Then B is effective and D = A-B. Moreover, 
since B = A - D, B is a Cartier divisor. 

(3) Let L be an ample invertible sheaf on Y as before. Then there are a positive 
integer n\ and a non-zero S\ e H°(Y,L® ni ) such that Si(x ( ) + for all i. We set 
A' = div(si). Similarly we can find a positive integer n 2 and a non-zero s 2 s 
H°(Y, 6 Y {n 2 A' - D)) such that s 2 (x ; ) + for all i. Therefore, if we set A = n 2 A' 
and B = div(s2), then there is a non-zero rational function <fi on Y such that 
A - D — B + (cp), as required. □ 

Lemma 5.2.4. Let £T be either C° or C°°. Let A' and A" be effective H-divisors on X 
and A = A' - A". Let g A be an F ^-invariant A-Green function of £T-type on X(C). 




vol(D a + D 2 ) 1/d > vol(Di) 1/d + vol(D 2 ) 1/d . 



Z < A. 
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Then there are effective arithmetic "R-divisors (A', g A >) and (A", g A ») of '-type such that 
{A,g A ) = {A',g A ,)-{A",g A „). 

Proof. Let g A » be an Foo-invariant A"-Green function of ^-type such that g A » > 
(a.e.). We put g A > = g A + g A ». Then g A > is an Foo-invariant A'-Green function 
of 5^ -type. Replacing g A » with g A » + (positive constant) if necessarily we have 
g A > > (a.e.). □ 

Lemma 5.2.5. Let SF be a type for Green functions such that -^c^ and C°° C SF . 

Then the kernel of the natural homomorphism Div^(X) <g> z R — > Div^(X) R coincides 
with 

a\, . . . ,a\ €lR, (pi, . . . ,(pi G £F (X) 
and ai<pi + ■ ■ ■ + a\(p\ = 



!=1 



Proo/. It is sufficient to show that, for £ i=1 (D,v St) ® «i £ Div.^(X) <8» z R, if 

^ ajDj = and ^ digi = (a.e.), 

1=1 1=1 

then there are (pi,..., (pi £ ^(X) such that L /= i(Dj,gt) ® fl t = Z/=i(O/0i) ® fl i an d 
fli^i + • • • + fl/<^z = 0. Let Ei, . . . , E r be a free basis of the Zl-submodule of Div(X) 
generated by D\, . .. ,T)\. We set D ; = Ylj=\ bijEj- Since 

/ r ( I 



7=1 V »=1 



we have £ i=1 fljby = for all / = 1, . . . , r. Let be an Foo-invariant £ ; -Green 
function of C°°-type. Note that YIi=\ bijhj is an Foo-invariant D,-Green function of 
^-type. Thus we can find (pi, . ..,(pi e ^(X) such that 

gi = hjhj + (pi (a.e.) 

7=1 



for each i. Then 



i 



r ( I 



\ 



I 



1=1 1=1 



i=l ;=1 v i=l y 

Note that Ei«i^i e ^(X), so that Ei«i^i = over X(C). On the other hand, 

l l r 1 



i=l 



i=l ;=1 



i=l 



= J^(Ej, hj) ® fli&y + Yj(°' <fr) ® fl « = ^/ ' ^ fl " 

7=1 V '=1 / '=1 *=1 

as required. □ 
Ffoe proo/ o/ Theorem \5.2.2\ By Proposition 12.4.21 the natural homomorphism 

Div c o(X) <8> z R — > Div c o(X) R 
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(1) We set D = a\D\+- ■ -+aiDi, where at, . . .,a.\ G RandDi,. . .,D/ 6 Div c o(X). For 
each D„ by using Lemma [5.2.31 and Lemma [5.2.41 we can find effective arithmetic 
divisors D { and D ( of C°-type such that D, = D, - D ; . Then 

D = aiD x + ■■■ + a ] D l + (-fli)D" + • • • + (-a/)D". 

Thus, in order to see our assertion, we may assume that D, is effective for every i. 
We set I = {i \ a.\ > 0} and J = {i\ a t < 0}. Moreover, we set 

fin = ZiellmlDi + L/e/Lfa + l)fl;JD ;V 

\B„ = LiJnai\Di + E ; - 6j r(n - l)fl/|D y 

for n G Z>i. Then, as lim^oo A^/n = hmn^^Bn/n = D, by virtue of 
rem 5.1], 

lim t-t. — = lim -TTT. — = vol(^ R (D)). 



Theo- 



n d /d\ 



n d /d\ 



Note that 



jLUjflj < ta < rr*i«i iffl>o, 
\lcl*j + < to < rcr*i - if « < o 

for a G R and f G R>i, which yields Ay t \ < tD < for £ G R>x. Therefore, 



f rf (UJ) d /^! 
and hence (1) follows. 

(2) follows from (1). 

(3) The first assertion follows from |14l (4) in Proposition 4.6]. Let us see the 
second assertion. We choose Ei, ...,E m ,Bi, ...,B m > G Div c <x.(X) such that D, = 
Y!k=\ <%ikEk and Aj = Ya=\ PflBi f° r some d^fin G R. Then 



,' { 



2^ aiDi =Y_\YL ai<Xik Ek and X 5 > A i = Xj Xj 5 >p> 1 



k=l \i=l 



7=1 



1=1 V7=l 



Moreover, if we set C = max ({a,*;} U {(ijiij, then 



7=1 7=1 



!=1 



!=1 



Thus we may assume that D\, . . . , D r , A\, . . . , A r > G Div c » (X). Therefore, the second 
assertion of (3) follows from fl4[ Lemma 3.1, Theorem 4.4 and Proposition 4.6]. 

(4) If voi(Di) > and vol(D 2 ) > 0, then (4) follows from (3) and (IZl Theorem B] 
(or [15, Theorem 6.2]). Let us fix an ample arithmetic divisor A (for the definition 

of ampleness, see SubSection l6.1|) . Then vol(D! + eA) > and vol(D 2 + eA) > for 
all e > by Proposition 16.3.21 Thus, by using (3) and the previous observation, 
we obtain (4). 
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(5) By using the continuity of vol and the Stone-Weierstrass theorem, we can 
find an arithmetic Q-divisor D of C°°-type such that D < D and 

voi(D ) > max{vol(D) - e/2,0}. 

Then, by virtue of 10, |[T7| or lH5l , there are a birational morphism \i : Y — > X 
of generically smooth and normal projective arithmetic varieties and an ample 

arithmetic Q-divisor A of C°°-type on Y such that A < //(D )andvol(A) > vol(D )- 
e/ 2. Thus (5) follows. " □ 

5.3. Intersection number of arithmetic R-divisors with a 1-dimensional sub- 
scheme. We assume that X is projective. Let C be a 1-dimensional closed integral 

subscheme of X. Let X = (X, h) be an Foo-invariant continuous hermitian invert- 
ible sheaf on X. Then it is well-known that deg(X| c ) is defined and it has the 
following property: if s is not zero element of H°(X, X) with s| c ^ 0, then 

d5(X| c ) = log#(^M ~\Yu log(h(s,s)(x)). 

\ C ' xeC(C) 

In addition, the map 

Pic c o(X)^lR (X^dei(X| c )) 
is a homomorphism of abelian groups, so that it extends to a homomorphism 

deg(-| c ) : Pic c o(X) ® z R -» R 

given by 

deg((Xi ® fli + • ■ ■ + L r ® a r )\ c ) = flideg(Xi| c ) + • ■ ■ + a r deg(Xr| c )- 
If fx, . . . ,f G C°(X), fl r G R and ax fx H + a r fr — 0, then 

deg((^(/i) ® ai + ■ ■ ■ + ^(/ r ) ® « r )| c ) 

= axfeg(0(fx)\ c ) + ■■■+ a r feg(0(f r )\ c ) 

r ( \ 

i=l \xeC(C) , 

Therefore, deg(- 1 c ) : Pic c o(X)<g> z R — > R descents to a homomorphism Pic c o(X) R — > 
R. By abuse of notation, we use the same symbol deg(-| c ) to denote the homo- 
morphism Pic c o(X)R — > R. Using this homomorphism, we define 

de^(-lc) : Drv c °(X) K -> R 

to be deg(D| c ) := deg("^ K (D)| c ) for D G Div c o(X) R . If there are effective Cartier 
divisors D\, . . . ,Di and ax,...,ai G R such that D = axDx + ■■■ + aiDi and C £ 
Supp(Di) for all z', then we can see that 

_ i 1 

deg(D| c ) = ^fl i log#(<? , c(D i )/^c) + 2 Z 

(=1 xeC(C) 
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Let 2? be a type for Green functions on X such that C° c 5* , 2? is real valued 
and -Jc^. Let D = (D,g) be an arithmetic R-divisor of on X. There 

is h G 2?{X) such that g - h is an F OT -invariant D-Green function of C°-type. We 
would like to define deg(D| c ) by the following quantity: 

d^{{D,g-h)\ c ) + \ £ h(x). 

xeC(C) 

Indeed, it does not depend on the choice of h. Let h' be another element of 3*(X) 
such that g - h! is an F OT -invariant D-Green function of C°-type. We can find 
u G C°(X) such that g-h = g-h' + u (a.e.), so that h' =h + u over X(C). Therefore, 

d^,{{D,g-h')\ c ) + 1 - £ h'(x) 

xeC(C) 

= dei((D, (g-h)- u)\ c ) + \Yu {h + U){X) 

xeC(C) 

=te%{{D,{g-h))\ c )- \ Yu u ^ + \ Yu {h+u){x) 

xeC(C) xeC(C) 

= fe%{{D,g-h)\ c )+ 1 - Y Hx). 

xeC(C) 

Note that if there are effective Cartier divisors D\, ...,Di and a.\,...,a.\ G R such 
that D = a\D\ H + fl/D/ and C $£ Supp(Dj) for all i, then 

_ i , 

deg(D| c ) = ^«aOg#(^ C (D0/^c) + 2 £ £can(*). 
!=1 xeC(C) 

Moreover, deg(-| c ) : Div*r(X) R — > R is a homomorphism. 

Let Zx(X) be the group of 1-cycles on X and Zi(X) R = Zj(X) <g> z R. Let Z be 

an element of Zi(X) R . There is a unique expression Z = a\C\ H + a/Q such that 

#!,...,«/ G R and Ci, . . . , Q are 1-dimensional closed integral schemes on X. For 

D G Div^(X) R , we define deg (d \ to be 

z 

deg(D|z):=2>deg(D| c ). 

i=l 

Note that deg (d | c) = deg (c>| c ) for a 1-dimensional closed integral scheme C on 

X 

6. POSITIVITY OF ARITHMETIC R-DIVISORS 

In this section, we will introduce a lot of kinds of positivity for arithmetic 
R-divisors and investigate their properties. Throughout this section, let X be a 
generically smooth projective and normal arithmetic variety 
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6.1. Definitions. Let D = (D,g) be an arithmetic R-divisor on X, that is, D £ 
Div(X)R and g is an Foo-invariant locally integrable function on X(C). The ample- 
ness, adequateness, nefness, bigness and pseudo-effectivity of D are defined as 
follows: 

• ample : We say D is ample if there are a.\, .. .,a r £ R>o and ample arithmetic 
Q-divisors A\, . . . , A r of C°°-type (i.e., G(n.iA\) is an ample C°°-hermitian invertible 
sheaf for some n* £ Z>o in the sense of |T2f) such that 

D = a.\A\ h v a r A r . 

Note that an ample arithmetic R-divisor is of C°°-type. The set of all ample 
arithmetic R-divisors onXis denoted by Amp(X) R . By applying ||T5l Lemma 1.1.3] 
to the case where P = Div C o»(X)Q, m = 1, h\ = 0, A = f (0, . . . , 0) and %\ = A\, . . . , x r = 
A r , we can see that 



Amp(X) K nDiv c »(X) Q = \D 



&{nD) is an ample C°°-hermitian 
invertible sheaf on X for some n £ Z>o 



• adequate : D is said to be adequate if there are an ample arithmetic R-divisor 
A and a non-negative F^-invariant continuous function / on X(C) such that D = 
A + (0,/). Note that an adequate arithmetic R-divisor is of C°-type. 

• nef : We say D is we/ if the following properties holds: 

(a) D is of PSH R -type. 

(b) deg(D| c ) > for all 1-dimensional closed integral subschemes C of X. 

The cone of all nef arithmetic R-divisors on X is denoted by Nef(X) R . Moreover, 
the cone of all nef arithmetic R-divisors of C°°-type (resp. C°-type) on X is denoted 
by Nef c «(X) R (resp. Nef c o(X) R ). 

• big : Let us fix a type & for Green functions. We say D is a big arithmetic "R-divisor 
of 3F-type if D £ Div^t(X)]R (i.e. D £ Div^(X) R and g is of bounded type) and 
vol(D) > 0. 

• pseudo-effective : D is said to be pseudo-effective if D is of C°-type and there are 

arithmetic R-divisors D\, . . . , D r of C°-type and sequences {a n i\™ =v { fl n;}" =1 in R 

such that lim„^oo a ni = for all i = 1, . . . , r and vol(D + a n \D\ + ■ ■ ■ + a nr D r ) > for 
all n » 1. 

6.2. Properties of ample arithmetic R-divisors. In this subsection, we consider 
several properties of ample arithmetic R-divisors. Let us begin with the following 
proposition. 

Proposition 6.2.1. (1) If A and B are ample (resp. adequate) arithmetic R-divisors 
and a £ R >0 , then A + B and aA are also ample (resp. adequate). 
(2) If A is an ample arithmetic R-divisor, then there are an ample arithmetic Q-divisor 
A and an ample arithmetic R-divisor A such that A = A + A . 
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(3) Let A be an ample (resp. adequate) arithmetic R-divisor and let L\,...,L n be 
arithmetic R-divisors ofC°°-type (resp. of C° -type). Then there is 5 G R>o such 
that A + d\L\ + ■■■ + 5„L n is ample (resp. adequate) for b\,...,b n e R with 
l<5ij_+ • • • + |5 n | < 6. 

(4) If A is an adequate arithmetic R-divisor, then vol(A) > 0. 

Proof. (1) and (2) are obvious. 

(3) First we assume that A is ample and that L\,..., L„ are of C°°-type. We 
set Li = £ bijMj such that Mi, . . . ,Mi are arithmetic Q-divisors of C°°-type and 
bjj G R. Then, as 




fl if a > 0, 
[-1 if « < 0. 



we may assume that L\,...,L n are arithmetic Q-divisors of C°°-type. Moreover, 
by (1) and (2), we may further assume that A is an ample arithmetic Q-divisor. 
Let us choose 5 G Q >0 such that A ± <5L, is ample for every i = 1, . . . ,n. Note that 

(=1 V !=1 / !=1 

where sign(a) for a G R is given by 

sign(a) 

Hence, if ^ f=1 < 6, then A + YH=\ diU is ample. 

Next we assume that A is adequate and that L\,...,L n are of C°-type. Then 
there are an ample arithmetic R-divisor A and u G C°(X) such that u > and A = 

A + (0, u). As A - (0, e) is ample for < e <s 1 by the previous observation, we may 
assume that u > e for some positive number e. By virtue of the Stone-Weierstrass 
theorem, we can find V\,...,v n G C°(X) such that V\ > (Vz), e > V\ + ■ ■ ■ + v„ and 
Lj := Li + (0, vi) is of C°°-type for all i. By the previous case, we can find < 5 < 1 

such that A + 6iL 1 H + b n L n is ample for b\,...,b n G R with |<5i| H + |6„| < 5. 

Note that 

A + SiLi + • • • + 6 n L„ = A + 6iL x + ■ • • + 6„L )3 + (0, u - b\V\ 5 n v n ) 

and 

u - b\Vx 5 n v n > u — Vi v n > 0, 

as required. 

(4) Clearly we may assume that A is ample, so that the assertion follows from 
(2) and (4) in Theorem ExZ2l □ 

Next we consider the following proposition. 

Proposition 6.2.2. (1) If A is an ample arithmetic H-divisor and B is a nef arithmetic 
'R-divisor ofC°°-type, then A + B is ample. 
(2) If A is an adequate arithmetic R-divisor and B is a nef arithmetic R-divisor of 
C°-type, then A + Bis adequate. 
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Proof. (1) We set B = b\B\ + ■ ■ ■ + b n B n such that b\,...,h n e R and B\,...,B n are 
arithmetic Q-divisors of C°°-type. We choose an ample arithmetic Q-divisor A\ 
and an ample arithmetic R-divisor A 2 such that A = A\ + A 2 . Then, by (3) in 
Proposition 16.2.11 there are b\,...,b n 6 R> such that 

n n 

A 1 + V 6,Bj and A 2 - V <5,Bj 

1=1 !=1 

are ample and b; + 5; e Q for all z. Moreover, we can take an ample arithmetic 
Q-divisor A3 and an ample arithmetic R-divisor A4 such that 

n 

A~2~Yj = ^3 + A4. 

1=1 

Then, since 

Ai + ^ 6iBf + B = Ai + + 6,-)B« 

i=l i=l 

is a nef arithmetic Q-divisor of C°° -type, A 3 + Ax +L"=i SjB, +B is an ample arithmetic 
Q-divisor by ||T3l Lemma 5.6]. Therefore, 

n 

A + B = A 4 + A 3 + Ax + ^ 6/B,- + B 

! = 1 

is an ample arithmetic R-divisor. 

(2) Clearly we may assume that A is ample. By (3) in Proposition 16.2.11 there is 
a positive real number 5 such that \A - (0, 6) is ample. Note that \A + B is ample, 
that is, \A + B is a linear combination of ample divisors with positive coefficients, 
which can be checked in the same way as above. Thus, by (2) in Theorem 14.61 
there is u e C°(X) (i.e., u is an -invariant continuous function in X(C)) such that 
< u < b on X(C) and |A + B + (0, w) is a nef R-divisor of C°°-type. Then, by (1), 



is ample. Thus 



^A-(0,5) + ^A + B + (0,u) 



A + B = -A - (0, 5) + ^A + B + (0,m) + (0,6 - u) 



is adequate. □ 
Finally let us observe the following lemma. 

Lemma 6.2.3. Let D a = (Di,gi) and D 2 = (D 2 ,g 2 ) be arithmetic K-divisors o/PSH R - 
type on X. IfD\ = D 2 , gi < g 2 (a.e.) and Di is nef, then D 2 is also nef. 

Proof. Since D 1 = D 2 , there is a (ft e (PSH R - PSH K )(X(C)) such that g 2 =g 1 +<p (a.e.) 
and (p > (a.e.). Note that <p > by Lemma |2.3.1| Let C be a 1-dimensional closed 
integral subscheme of X. Then 

dei(D 2 | c ) = degCD^) + I ^ ^,(y) > deg(Di| c ) > 0. 



2 

yeC(C) 



□ 
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6.3. Criterions of bigness and pseudo-eff ectivity. The purpose of this subsection 
is to prove the following propositions. 

Proposition 6.3.1. For D = (D,g) e Div c o(X) R/ the following are equivalent: 

(1) D is big, that is, vol(D) > 0. 

(2) For any A e Div c o(X) K/ there are a positive integer n and a non-zero rational 
function (p such that A < nD + (<p). 

Proof. "(2) => (1)" is obvious. 

Let us consider "(1) => (2)". By using Lemma [5.2.31 and Lemma [5.2.41 we can 

find effective arithmetic R-divisors A and A of C°-type such that A = A - A . 

Note that A < A . Thus we may assume A is effective in order to see our assertion. 

By virtue of the continuity of vol (cf. Theorem |5.2.2[) , there is a positive integer m 
such that 

vol(D- (l/m)A) > 0, 

that is, vol (mD -A) > 0, so that there is a positive integer n and a non-zero rational 
function <p such that 

n(mD -A) + (0) > 0. 
Thus mnD + (cp) >n~A>A. □ 

Proposition 6.3.2. For D = (D,g) e Div c o(X) R/ the following are equivalent: 

(1) D is pseudo-effective. 

(2) For any big arithmetic H-divisor A of C° -type, vol(D + A) > 0. 

(3) There is a big arithmetic "R-divisor A of C° -type such that vol(D + (l/n)A) > 
for all n>\. 

Proof. It is sufficient to see that (1) implies (2). As D is pseudo-effective, there are 
arithmetic R-divisors D\, . . . , D r of C°-type and sequences {fl m i}m =1 / • • • / jfl m rl™ =1 in 

R such that lim^oo a m i = for all i = 1, . . . , r and vol(D + a m \D\ -\ + a mr D r ) > 

for all m » 1. By the continuity of vol, there is a sufficiently large positive integer 
m such that A - (a m \Di + ■ ■ ■ + a mr D r ) is big. Thus 

vol(D + A) > vol(D + fl m iDi + ■ • ■ + a mr D r ) > 0. 

□ 

Proposition 6.3.3. If D = (D, g) is a pseudo-effective arithmetic "R-divisor of C°-type 
such that D is big on the generic fiber Xq (i.e., voI(Dq) > on Xq), then D + (0, e) is big 
for all e e R >0 . 

Proof. Let A be an ample arithmetic divisor on X. Since D is big on Xq, by using 
the continuity of the volume function over Xq (cf. IflOl I, Corollary 2.2.45]), we 
can see that there are a positive integer m and a non-zero rational function <p such 
that 

mD-A + ((p)> 0. 
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If we set (L, h) = mD - A + ((f)), then h is an L-Green function of C°-type and L is 
effective. Thus there is a positive number A such that 

mD-A + ((p)> (0, -A), 

that is, mD + (0, A) > A — ((f)). We choose a sufficiently large positive integer n such 
that 

A 

< e. 

n + m 

Then 

D + -(A - ($)) < D + -(mD + (0, A)) 

n n 

m\(— < A 



l + =)fe + ( * )) 
S (l + ^)(D + (0,e)). 



Note that A - (0) is ample, so that D + (l/n)(A - ((f))) is big by Proposition 16.3.21 
and hence D + (0, e) is also big. □ 

Remark 6.3.4. It is very natural to ask whether H°(X, n(D + (0, e))) ± {0} for some 
n G Z>o in the case where D is not necessarily big on Xq. This does not hold 
in general. For example, let = Proj(Z[T , 7i]) be the projective line over Z 

and D = a(Ti/To) for a G R \ Q. It is easy to see that D is pseudo-effective and 
H°(P^,nD) = {0} for all n e Z >0 . Thus H°(P^,n(D + (0,e))) = {0} for e e R >0 and 
n G Z >0 . 

6.4. Intersection number of arithmetic R-divisors of C°-type. Let Div c ~(X) X 
■ ■ ■ x Divc~ (X) — > R be a symmetric multi-linear map over Z given by 

(Dx, . . . , D d ) h> de^Pi • • • D d ) := dei^^Dx)) • • •F 1 (^(D,))), 

which extends to the symmetric multi-linear map 

(Divc»(X) (8> z R) X ■ • ■ X (Divc»(X) ® z R) -> R 

over R. 

Proposition-Definition 6.4.1. The above multi-linear map 

(6ivc»(X) <8> z R) X • • • X (Drvc»(X) ® z R) -> R 
descents to the symmetric multi-linear map 

Drv c ~(X) R x • • • x 5ivc»(X) R -> R 

over R, whose value at (D\, Dd) G Div c »(X) R X • • • X Div c °°(X) R is also denoted by 
deg(Dx • • • D d ) by abuse of notation. 

Proof. Let a\,...,a\ G R and (pi, ...,<pi G C°°(X) such that ai(pi + • • • + a^ = 0. By 
Lemma [5.2.51 it is sufficient to show that 

&5(((0,<fr) ® fll + ■ • ■ + (0,^/) ® a{) ■ D 2 ■ ■ -D d ) = 
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for all D2, . . . ,Dd G Divc»(X). First of all, note that there are 1 -dimensional closed 
integral subschemes Q, . . . , C r , C\, . . . , c r G Z and a current T of (d - 2, d - 2)-type 
such that 

D 2 ---D d ~(c l C 1 + --- + c r C r ,T). 

Then 



deg (((0, fa) ® m + • • • + (0, (pi) ® a{) • D 2 • • • D rf ) 
z 

= ^ fl/deg ((0, (pi) • (cxQ + • • • + c r C r/ T)) 



;=1 



= Z Ui Tj c > Tj ^ + (1/2) I A T 

r i r ( 1 

;=1 yeCy(C) !=1 ^ x ( c ) V i=l 



AT = 0, 



as required. □ 

Let Div c o (X) R be the vector subspace of Div c o(X) R generated by Nef c o(X) R . 
The purpose of this subsection is to show the following proposition, which gives 
a generalization of [20, Lemma 6.5] for R-divisors. 

Proposition 6.4.2. (1) 

Div c o nPSH+C oo(X) ]R c Div c o (X) R c Div c o nPSH _ c o nPSH (X)] R . 
(2) The above symmetric multi-linear map 

Drv c »(X) R x ■ • • x 5ivc«(X) R -» R 

given in Proposition-Definition \6A.l\ extends to a unique symmetric multi-linear 
map 

Nef Nef 

Div c o (X) R x • ■ • x Div c o (X) R -> R 
such that (D, . . . , D) h-> vol(D)/or D G Nef c o(X) R . By abuse of notation, for 

— — Nef Nef 

(Pi, ...,D d )e Div c0 (X) R x • • • x Div c0 (X) R , 
the image of (D\, D d ) by the above extension is also denoted by 

dei(D r --D d ). 

Proof. (1) It is obvious that 

_— _Nef - 

Div c o (X) R c Div c o n p SH _ c o nPSH (X) R . 

Let D G Div c o n psH+c~(^)K- By Proposition 12.3.71 there is an ample arithmetic 
divisor A with D + A G Div c o nP sH(X) R . Thus it is sufficient to show the following 
claim: 

Claim 6.4.2.1. For D G Div c o nPSH (X) R , there is an ample arithmetic divisor B such that 
D + B G Nef c o(X) R and D + B is ample. 
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Proof. By virtue of the Stone- Weierstrass theorem, there is an F OT -invariant non- 
negative continuous function u on X(C) such that D - (0, u) £ Div c ~(X) K . Thus, 
by Proposition 16.2.11 we can find an ample arithmetic divisor B such that 

D - (0, u) + B 

is ample. In particular, D + Bg Nef c o(X) R and D + B is ample. □ 

(2) Let us begin with the following claim. 
Claim 6.4.2.2. (a) For D £ Nef c »(X) R/ deg(~D) = vol(D). 



(b) dlXr ■ ■ ■ X d = Yj {-lf~ m [Y X ] in • • • / X d ]. 

IQ[1,...J\ V iel ) 



lQ{l,...,d] 

(c) ForD 1 ,...,D,£Nel c »(X) R/ 

dei(D 1 ---D d ) = i £ (-l) d - # ®vd(^Dj. 

' m{\,...,d\ v fez / 

Proo/. (a) First we assume that D is ample. We set D = ^Ai + • • • + a/A/ such that 
fli, .. .,a\ £ R>o and A,'s are ample arithmetic divisors. Let us choose sufficient 
small positive numbers b\,...,b\ such that ai + 6; £ Q for all z. Then, by [[131 
Corollary 5.5], 

deg(((fli + bi)A x + ••• + («/ + 6/)A,) rf ) = vol((fli + Si)Ai + ■•■ + («/ + <5/)A/). 

Thus, using the continuity of vol, the assertion follows. 

Next we consider a general case. Let A be an ample arithmetic divisor of C°°- 
type. Then, by Proposition 16.2.21 D + eA is ample for all e > 0. Thus the assertion 
follows from the previous observation and the continuity of vol. 

(b) In general, let us see that 



L(-i>«£x, . = _ 



Zcji d) V iel 



if Z < d, 

(-l) d d!Xi • • • X d if l = d 



holds for integers d and I with 1 < I < d. This assertion for d and I is denoted by 
A(d, I). A(l, 1) is obvious. Moreover, it is easy to see A(d, 1). Note that 



Jo 



E (-We* 

VK{1,...^] V iel J 



dX d 



lc{l,...,d} V iel / /c(l,...,d-l| ^ je] 



,1-1 



which shows that A(d -1,1 — 1) and A(d, I - 1) imply A(d, I). Thus (b) follows by 
double induction on d and I. 

(c) follows from (a) and (b). □ 
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The uniqueness of the symmetric multi-linear map follows from (b) in the pre- 
vious claim. For (Di, . . .,D d ) G Nef c o(X) K x- • •xNef c o(X) R/ we define a(Di, . . .,D d ) 
to be 

(6.4.2.3) a(D lf . . . ,D d ) := ^ £ (-1)" W ™i[£dJ. 

' lc{l,...,d) V iel ) 

Claim 6.4.2.4. (i) a is symmetric and 

a{aDi + bD v D 2/ . . . , D d ) = aa{D x , D 2/ . . . , D d ) + ba0 v D 2/ . . . , D d ) 
holds for a,b e R> and D lr D x , D 2 , ...,D d e Nef c o(X) K with 

D x ,D' l ,D 2 ,...,D i 

ample. 

(ii) J/A u , A 1; _i, . . . , A d/1 , Ad,-\>\\,\-\, ■ ■ .,Bd,i,B d ,-i e Nef c o(X) R/ 
A 1,1, A^-i, . . . , Ad,i, Ad -i, Bi,i, Bi,-!, . . . , Bd,i, Bd,-i 
are ample and A^i - A, _i = B (/ i - Bi-ifor alii = 1, ... , d, then 

e 1 ---e d a(A Ul ,...,A died ) = ^ e t ■ ■ -e d a(B Ul/ . . .,B d , £d ). 

ei^.. / e i e{±l] e 1/ ...,e d e{±l] 

Proof, (i) Clearly a is symmetric. By Theorem 14.61 for any e > 0, there are non- 
negative Foo-invariant continuous functions U\, lit, u 2 ,...,u d such that 

ll«illsup < ^milmp < e, l|w 2 ||sup < e,...A\ud\\sup < e 

and that D x {e) := Dj + (0,tti), D\{e) := d\ + (0,u[), D 2 (e) := D 2 + (0,w 2 ), 
D d (e) := D d + (0, u d ) are elements of Nefc~(X) R . Then, by virtue of Claim [674.2.21 

a{a~D x {e) + b%{e),D 2 {e), . . ., D d (e)) 

= aa(Di(e), D 2 (e), . . . , D d (e)) + ba(D[(e), D 2 (e), . . . , D d (e)). 

Thus, using the continuity of vol, we have the assertion of (i). 

(ii) We would like to show the following assertion by induction on I: if Ai i, 

Ai -i, . . . , An, At -i, B 1; i, Bi _i, . . . , Bi rl , B/_i, D ;+1 , ...,D d e Nef c o(X) K , 

Ai,i, Ai _i, . . . , A/4, A/ _!, B14, Bi,_i, . . . , Bi yl , B; r _i, D/ +1 , ...,D d 
are ample and A, i - A, _i = B, i - B ; _i for all i = 1, . . . , /, then 

^ ei • • • eia(A Ul , . . .,A h£l , D /+1 , ...,D d ) = 

e 1 ,...,ei£{±l) 

/, £i • ■ • £;tt(B 1/ei , . . . , B/ /£( , D/ +1 , . . . , D d ). 

e!,...^e{±l) 

First we consider the case where I = 1. As A14 + Bi _i = Ai 7 _i + Bi ; i, by (i), we have 

a(Ai 4 , D 2 , ...,D d ) + a(Bi _i, D 2 , . . . , D rf ) 

= a(Ai _i, D 2 , . . . , D d ) + a(B u , D 2 , . . . , D d ), 
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as required. In general, by using the case I = 1, 

a(A Ul , Ai i€l , Ai+1,1, Di +2/ ...,D d ) 

- a(A 1/£l , . . ., Ai M , Ai+x-i, D/ +2/ ...,D d ) 

— oc{Ai i£l , . . .,Ai /£l , B/+14, D/ +2 , . . . , Drf) 

- a{A\ i£ll . . . ,A; /e ,,B; + i_i,D/ + 2, . . .,Dd). 
Thus, by the hypothesis of induction, if we set 

(A = L ei ,...,e /+1 e(±l| e l " " £ l+l<x(Al,e u ■ ■ . , Al+x^^Dl+j, . . . ,D d ), 
[B - Z ei/ ... ; e M e{±l) e l ' * * e l+l a (Bl, £l , Bz+l,e I+1 / A+2/ • • • / D d ), 



then 



A = ^ e\ ■ ■ -e x (a(A Uu . . .,A l+u , Di +2/ . . . , D d ) - a(A Ul , . . .,A M -\, D, +2/ . . . , D d fj 
= ^ e x ■ ■ -ei (a(Ax, eu . . .,Bi+\,\, D, +2r D d ) - a(Ax, ei , ■ ..,%+i-x, D l+2 , D rf )) 
= ^ £ i ■ ■ ■ e i ■ ■ .,Bi +1 ,i, D ;+ 2, . . . , D d ) - a(Bx, eu . . . , B/ +1 _i, D /+2 , . . . , D d )) 



= B. 



□ 



Nef — — 

Note that any element of Div c o (X) K can be written by a form A - B such that 

A, B G Nef c o(X) K and A,B are ample. Thus the existence of the symmetric multi- 
linear map follows from the above claim. □ 

Remark 6.4.3. By our construction, vol(D) = deg^) for D £ Nef c o(X) R . In 

— — d 

particular, D is big if and only if deg(D ) > 0. This is however a non-trivial fact 
for D G Nef c »(X) K (cf. d Corollary 5.5] and Claim 16.4.2.21 

6.5. Asymptotic multiplicity. First we recall the multiplicity of Cartier divisors. 
Let (R, m) be a d-dimensional noetherian local domain with d > 1. For a non- 
zero element a of R, we denote the multiplicity of a local ring (R/aR, m(R/aR)) by 
mult m (fl), that is, 



mult m (fl) := 



length R ((K/flR)/m" +1 (K/flR)) 

n->™ n a l /(d - 1)! 

ifflG^ x . 



Note that mult m (a) G Z> . Moreover, if R is regular, then 

mult m (fl) = maxjz G Z> | fl G m ! }. 

Let a and b be non-zero elements of -R. By applying |TT1 Theorem 14.6] to the 
following exact sequence: 

— > R/aR R/abR — > R/bR — > 0, 

we can see that 

mult m (a&) = mult m (fl) + mult, n (fr). 
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Let K be the quotient field of R. For a £ K x , we set a = a/b (a,b £ R\ {0}). 
Then mult m (a) - mult m (b) does not depend on the expression a = a/b. Indeed, if 
a = a/b = a'/b', then, by the previous formula, 

mult m (a) + mult m (fc') = mult m (flfc') = mult, n (fl'b) = mult m (a') + mult m (b). 

Thus we define mult m (a) to be 

mult m (a) := mult m (fl) - mult m (b). 

Note that the map 

mult m : K x Z 

is a homomorphism, that is, mult m («j6) = mult m (a) + mult m (j6) for a, $ £ K x . 

For x £ X, we define a homomorphism 

mult* : Div(X) Z 

to be mult x (D) := mult mx (/ x ), where m x is the maximal ideal of &x,% arid f x is a local 
equation of D at x. Note that this definition does not depend on the choice of the 
local equation f x . By abuse of notation, the natural extension 

mult* <g> id R : Div(X) R -> R 

is also denoted by mult*. 

Let D be an arithmetic R-divisor of C°-type. For x £ X, we define v x {D) to be 

- _ finf{mult x (D + (<£)) | <f> £ H°(X,D) \ {0}} if H°(X,D) * {0}, 
Vx{ U) -\co ifH°(X,D) = {0} 

We call v x (D) the multiplicity at x of the complete arithmetic linear series of D. First 
let us see the following lemma. 

Lemma 6.5.1. Let D and E be arithmetic K-divisors of C°-type. Then we have the 
following: 

(1) IfD is effective, then v x (D) < mult x (D). 

(2) v x (D + 1) < v x (D)_+ v x (E)_ 

(3) IfD < E, then v x (E) < v x {D) + mult x (E - D). 

(4) For (p £ Rat(X) x , v x (D + (f)) = v x (D). 

Proof. (1) is obvious. 

(2) If either H°(X,D) = {0} or H°(X,E) = {0}, then the assertion is obvious, so 
that we may assume that H°(X, D) * {0} and H°(X, E) t {0}. Let <f> £ H°(X, D) \ {0} 
and iff £ H°(X,E) \ {0}. Then, as 

+ E + D = (f) + D + 0/T) + E > 0, 

we have ^ £ H°(X, D + E) \ {0}. Thus 

v x (D + E) < mult x (((/>i/0 + D + E) = mult z (((/)) + D) + mult x ((i/0 + E), 

which implies (2). 

(3) If we set F = E - D, then, by (1) and (2), 

v x (E) = v x (D + F)< v x (D) + v x (F) < v x (D) + mult x (F). 



56 



ATSUSHI MORIWAKI 



(4) Let a : H°(X, D + (cp)) -> H°(X, D) be the natural isomorphism given by 
a(ip) = ((pip). Note that (D + (cp)) + (j/T) = D + (a{f)). Thus we have (4). □ 

We set 

N(D) = {ne Z >0 | H°(X,nD) ± {0}} . 

Note that N(D) is a sub-semigroup of Z> , that is, if n, m e N(D), then n+m e N(D). 
We assume that N(D) ^ 0. For x e X, we define /^(D) to be 

p x (D) := inf {mult x (D + (l/n)((p)) \ n e N(D), cp £ H°(X,nD) \ {0}}, 

which is called the asymptotic multiplicity at x of the complete arithmetic Q-linear 
series of D. 
We can see that 

v x (nD) 



p. x (D) = inf< 



n 



n e N(D) \ . 



Indeed, an inequality y. x (D) < v x (nD)/n for n e N(D) is obvious, so that y. x (D) < 
inf [v x (nD)/n \ n e N(D)}. Moreover, for n e N(D) and (p £ H°(X,nD) \ {0}, 



inf • 



v x (nD) 



n 



n e N(D)\ < V A^1 < mult,(D + (l/n)(<6)) 
, n 



holds, and hence we have the converse inequality 
By the above lemma, 

v x ((n + m)D) < v x (nD) + v x (mD) 
for all n, m e N(D). Thus, if h°(D) * {0} (i.e., N(D) = Z >0 ), then 



l im ^ = inf /^) 



n n 



n > 



Proposition 6.5.2. Let D and E be arithmetic K-divisors of C° -type such that N(D) ^ 
and N(E) ± 0. Then we have the following: 

(1) fi x (p + E) < ^(D)_+ ii x (E)_ 

(2) IfD < EJhen p. x (E) < p, x {D) + mult^E - D). 

(3) ^(D_+ (cp)) = p x (D) for <f> e Rat(X) x . 

(4) fi x (flD) = ap. x (D) for a e Q >0 . 

Proof. First let us see (4). We assume that a e Z >0 . Let n e N(D) and (p e 
H°(n~D) \ {0}. Then <p a e H°(n(aD)) \ {0}. Thus 

p. x (aD) < mult z (flD + (l/n)((p a )) =amult x (D + (l/n){(p)), 

which yields p. x {aD) < ap, x (D). Conversely let n e N(aD) and ip e H°(n(aD)) \ {0}. 
Then 

p. x (D) < mult x (D + (l/na)(xp)) = ( 1 /a) mult, (aD + (l/n)(^)), 
and hence f/ x (D) < (l/a)p. x (aD). Thus (4) follows in the case where a e Z >0 . 
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In general, we choose a positive integer m such that ma e Z >0 . Then, by the 
previous observation, 

my. x {aD) = [i x (maD) = ma[i x (D), 

as required. 

By (4), we may assume that h°(D) ± and h°(E) t in order to see (1), (2) and (3), 
so that (1), (2) and (3) follow from (2), (3) and (4) in Lemma l6.5.1| respectively. □ 

Finally we consider the vanishing result of the asymptotic multiplicity for a nef 
and big arithmetic R-divisor. 

Proposition 6.5.3. If D is a nef and big arithmetic K-divisor ofC°-type, then y. x {D) = 
for all x £ X. 

Proof Step 1 (the case where D is an ample arithmetic R-divisor) : Note that 
if D is an ample arithmetic Q-divisor, then the assertion is obvious. By using 
Lemma 15.2.31 and Lemma 15.2.41 there are a\,...,a\ e R and effective arithmetic 
Q-di visors 

A\, ...,Ai, B lr ...,Bi 

of C°°-type such that 

D = a\A\ H v a\A\ - a\B\ a\B\. 

Let us choose sufficiently small arbitrary positive numbers Si, ... , b\, b' v . . . , b' x such 
that a, - 5i, a { + 6JgQ for all i. We set 

D = (fli - Si)Ai + ••• + («/- 6i)Ai - (fli + S'^Bi (fli + b\)Bi. 

Then, D < D and D is an ample arithmetic Q-divisor by Proposition l6.2.ll By (2) 
in Proposition 16.5.21 

< HxiP) < p x 0) + mult,(D - DO = Yj( 6 i mult T (A,) + b\ mult r (B,)) 

because [i x (D ) = 0. Therefore, 

< (J. x (D) < J^ibi mult z (A0 + b\ mult T (B,)), 

and hence /.^ T (D) = 0. 

Step 2 (the case where D is an adequate arithmetic R-divisor) : In this case, there 
is an ample arithmetic R-divisor A and a non-negative -invariant continuous 
function (p on X(C) such that D = A + (0, (p). By (2) in Proposition [63T21 

< \i x (p) < Hx(A) = 0, 

as required. 

Step 3 (general case) : Let A be an ample arithmetic Q-divisor. Since D is big, 
by Proposition 16.3. 11 there are a positive integer m and (p e Rat(X) x such that 

A < mD + ((/)). We set E = mD + (cp). Then E is nef. Moreover, for S £ (0, 1], by 
Proposition 16.2.21 bA + (1 - b)E is adequate and bA + (1 - b)E < E. Hence 

iMF) < ii x (bA + (1 - 6)1) + b mult^E - A) < b mult z (E - A), 
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which implies that jU-c(E) = 0. Therefore, using (3) and (4) in Proposition 16.5.21 

Li x (D) = -\i x {mD) = -p x (E) = 0. 
m m 

□ 

6.6. Generalized Hodge index theorem for an arithmetic R-divisor. In this sub- 
section, let us consider the following theorem, which is an R-divisor version of 
C3 Corollary 6.4]: 

Theorem 6.6.1. Let D be an arithmetic IL-divisor of (C° n PS¥L)-type on X. IfD is nef 
on every fiber ofX — > Spec(Z) (i.e., deg(D| c ) > for all 1-dimensional closed vertical 

integral subschemes C on X), then vol(D) > deg(D ). 
Proof. Let us begin with the following claim: 

Claim 6.6.1.1. We set D = (D,g). If D is of C°°-type, D is ample (that is, there are 
a\,...,a\ G R >0 and ample Carder divisors A\, ...,A\ such that D = a.\A\ + ■ ■ ■ + a\A{) 
and dd c ([g]) + <5 D is positive, then the assertion of the theorem holds. 

Proof. By virtue of Proposition 12.4.21 we can find F^-invariant locally integrable 
functions h\,...,h.\ such that hi is an A,-Green function hi of C°°-type for each i and 

g = a\h\ H + aihi (a.e.). Let b\,...,b\ be sufficiently small positive real numbers 

such that fli + Si, . . . , a x + 6/ e Q. We set 

(D',g') = (at + bi^AxM) + --- + (ai + b~i)(A h hi)- 
Then D' is an ample Q-divisor and 

/ 

dd c ([g']) + 5 D , = dd c ([g]) + 5 D + 5 t (dd c ([h t ]) + 5 Ai ). 

!=1 

is positive because Si, . . . , 6; are sufficiently small. Therefore, by |[T3l Corollary 6.4], 

we have vol(D ) > deg(D ), which implies the claim by using the continuity of 
vol (cf. Theorem ElZ2]>. □ 

First we assume that D is of C°°-type. Let A = (A,h) be an arithmetic divisor 
of C°°-type such that A is ample and dd c ([h\) + 5 A is positive. Then, by using the 
same idea as in the proofs of Proposition 16.2.11 and Proposition 16.2.21 we can see 

that D + eA is ample for all e > 0, Thus, by the above claim, vol(D + e(A, h)) > 

deg((D + e(A, h)) d ), and hence the assertion follows by taking e — > 0. 

Finally we consider a general case. By Claim [674.2.11 there is an ample arithmetic 

divisor B such that A := D + B G Nef c o(X)R and A is ample. Let e be an arbitrary 
positive number. Then, by virtue of Theorem 14.61 we can find an -invariant 
continuous function u on X(C) such that < u(x) < e for all x £ X(C) and 
A :=A + (0, u) G Div c » n psHpO]R, which means that A £ Nefc~(X) R . Note that 

d^(D) = ^(-lW d te(A^B ^ -'), 

!=0 \ 1 I 

— id \— r , ld\ — 'i — d-i 

deg(D ) = . deg(A • B ), 
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where D := D + (0, u). By (|6.4.2.3|) . deg(A' • ') and deg(A" • B ') are given by an 



alternative sum of volumes, so that, by the continuity of vol, there is a constant C 
such that C does not depend on e and that 



— ri — d-i — — d-i 

deg(A ■ B ) - deg(A • B ) 



< Ce 



for all i = 0, . . . , d, and hence 



deg(D' d ) - deg(D) 



< 2 d Ce. 



On the other hand, by the continuity of vol again, there is a constant C such that 
C does not depend on e and that 

voi(D') - voi(D) <Ce. 

Therefore, by using the previous case, 

voi(D) - deg(~D) > (vol(D ) - Ce) - (deg(D rf ) + 2 d Cej 

= fvoip) - d^gp" 1 )) - (C + 2 d C)e > -(C + 2 d C)e. 
Thus the theorem follows because e is an arbitrary positive number. □ 

7. Limit of nef arithmetic R-divisors on arithmetic surfaces 

Let X be a regular projective arithmetic surface and let be a type for Green 
functions on X such that PSH is a subjacent type of 2f . The purpose of this section 
is to prove the following theorem. 

Theorem 7.1. Let {M n = (M n , /z„)}°° =0 fee a sequence of nef arithmetic R-divisors on X 
with the following properties: 

(a) There is an arithmetic divisor D = (D, g) of 3?-type such that g is of upper 
bounded type and that M n < D for all n > 1. 

(b) There is a proper closed subset E ofX such that Supp(D) C E and Supp(M„) C E 
for all n > 1. 

(c) lim^oo mult c (M„) exists for all 1-dimensional closed integral subschemes C on 
X. 

(d) lim sup f! ^ oo (^„) can (x) exists in R/or all x £ X(C) \ E(C). 

Then there is a nef arithmetic K-divisor M = (M, h) on X such that M< D, 



M = y (lim multcCM^jC 



and that ^ C anlx(C)\E(C) zs ^ ne upper semicontinuous regularization of the function given by 
x i — > limsupn^QifJcanix) over X(C) \ E(C). Moreover, 

limsupdeg(M f! | c ) < deg(M| c ) 

n— >oo 

holds for all 1-dimensional closed integral subschemes C on X. 
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Proof. Let C\, . . . , Q be 1-dimensional irreducible components of E. Then there are 
a\, a n i, . . . , a n i e R such that 

D = fliCi H h fl/Q and M n = a n \C\ H + fln/Q. 

We set p, = lim n ^oo a,„- for z = 1, . . . , / and M = piCi H v piQ. 

Let IT be a Zariski open set of X over which we can find local equations <pi,...,<pi 
of Ci, . . . , C/ respectively. Let 

h„ = u n + Y^(- a m) log \(pi\ 2 (a.e.) and g = v + Yj*~ a i) lo g l<fcl 2 ( a - e -) 

1=1 !=1 

be the local expressions of /?„ and g with respect to (pi, ...,(pi, where u n e PSH K 
and v is locally bounded above. 

Claim 7.1.1. {u n }™ =0 is locally uniformly bounded above, that is, for each point x e tT(C), 
there are an open neighborhood V x of x and a constant M x such that u n (y) < M x for all 
y e V x and n>0. 

Proof Since h n < g (a.e.), we have 

u n <v- Yjfli ~ a m) lo g l<N 2 (a.e.) 

i=l 

over U(C). If x g Ci(C) U • • • U Q(C), then <^(x) t for all i. Thus, as 

n 

v-YjSi-am) log|(^| 2 

1=1 

is locally bounded above, the assertion follows from Lemma [2.3.1[ 

Next we assume that x e Ci(C) U • • • U Q(C). Clearly we may assume x e Ci(C). 
Note that Q(C) n C/(C) = for i t j. Thus <£i(x) = and (pi(x) * for all i > 2. 
Therefore, we can find an open neighborhood V x of x and a constant M' x such that 
\(pi\ < 1 on V x and 

u„ < M' x - (ai -a„i)log\(pi\ 2 (a.e.) 

over V x for all n > 1. Moreover, we can also find a positive constant M" such that 
ai - a„i < M" for all n > 1, so that 

u„ < M;-M" log |<fr | 2 (a.e.) 

holds over V x . Thus the claim follows from Lemma |4~T1 □ 

We set u(x) := limsup^^ u n (x) for x £ U(C). Note that u(x) e {-oo} u IR. Let u 
be the upper semicontinuous regularization of u. Then, as u n is subharmonic for 
all n > 1, by the above claim, u is also subharmonic on LT(C) (cf . Sub section 12 

Claim 7.1.2. u(x) + -co for all x e U(C). 

Proof If x £ Ci(C) U •■• U Q(C) = E(C), then (p { {x) * for all i. Note that 
lim sup (1 ^ oo (/t„) can (x) exists in R and that 



(h„) c <m(x) = u n (x) + Y^(-am)log\(pi(x)\ 2 . 
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Thus lim sup ^ u n (x) exists in 1R and 

I 

lim sup u„(x) = lim sup(/z n ) can (x) + ^ p,- log \(pi(x)\ 2 . 

Hence the assertion follows in this case. 

Next we assume that x £ Ci(C) U • • • U Q(C). We may assume x £ Ci(C). As 
before, <£i(x) = and (^(x) ^ for i > 2. By using Lemma 15.2.31 let us choose a 
rational function ip and effective divisors A and B such that Ci + (\p) = A - B and 
Ci £ Supp(A) U Supp(B). We set 

M' n =M n + a nl (xp), h' n =h n - a nl log |i/f and M n = (M' n , h' n ). 

ThenM n = M„ + a n i(ip) and 

< dei(M n | ) = dii(M„ ) 

= a nl (log#(^ Cl (A)/^ Cl ) - log#(^ Cl (B)/^ Cl )) 

+ ^fl m log#(^ Cl (Q)/^C 1 )+2 L (^)can(y)- 

i=2 yed(C) 

Thus we can find a constant T such that 

l/6d(C) 

for all n > 1, which yields 

/ \ 

> T. 



limsup(^) can (i/) > limsup ^ (K)can(y) 

y6Ci(Q (yeC^C) 

In particular, lim sup n ^ oo (/z^) can (x) ^ -co. On the other hand, 

/ 

h' n = u n - am log |(^i^| 2 - ^ «m log l<N 2 (a.e.). 

i=2 

Note that (<t>iif>)(x) e C x . Thus 

lim sup(w„(x)) = lim sup(^) can (x) + pi log |((/>ii/0(x)| 2 + ^ p, log \(pi(x)\ 2 . 

n— >oo n— >oo ; _2 

Therefore we have the assertion of the claim in this case. □ 

Claim 7.1.3. u + L!=i( _ pO log l^'l 2 does not depend on the choice of (pi, ...,(pi. 

Proof. Let (p' t , ...,(p' l be another local equations of Ci,...,Q. Then there are 

e lr . . . , e\ G G^fjJ) such that = ei(pi for all i. Let g„ = u' n - £ i=1 a ni log |(^| 2 (a.e.) be 

the local expression of g n with respect to <ty' v . . . , Then u' n = u n + £ i=1 a n j log |e,| 2 
by Lemma l2.3.1l Thus 

z 

w' = u + pi log |e,| 2 , 

!=1 
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which implies that 



+ k>g l&l 2 = u' + logical 2 . 



i=l i=l 

□ 

By the above claim, there is an M-Green function h of PSH R -type on X(C) such 
that 

i 

h\ U (o = u + Y J (-pd l °g\ ( Pi\ 2 - 

1=1 

By our construction, fr C anlx(C)\E(C) is the- upper semicontinuous regularization of 
the function given by 0(x) = limsup f! ^ oo (/z n ) can (x) over X(C) \ E(C). 

Claim 7.1.4. h is F ^-invariant and h < g (a.e.). 

Proof. As PSH is a subjacent type of & , we have (h n ) can < g can over X(C) \ E(C), so 
that < g can over X(C) \ E(C). Note that h* = h (a.e.) (cf. Subsection EI). Thus 
the claim follows because \v is Foo-invariant. □ 

Finally let us check that 

deg(M| c ) > limsupdeg(M„| c ) > 

holds for all 1-dimensional closed integral subschemes C on X. 

By Lemma [5.2.31 again, we can choose non-zero rational functions t/>i, . . . , \pi on 
X and effective divisors 

A\,...,Ai,B\,...,Bi 

such that Q + = A, - B t for all z and C £ Supp(A,) U Supp(B,) for all i. We set 

|m;'=m )3 + lUu^ ^' = ^ + EU(-«m)iogl^l 2 , K = (M';,K) 

\M" =M + LU Pi(Vi). = h + EU(-Pi) log |^| 2 , M" = (M", r) 
First we assume that C is not flat over Z. Then 

deg(M„| c ) = deg(M;;| c ) = £0* (log#(^ c (A;)/^c) - log #(^ c (B0/^c)) 

and 

deg(M| c ) = deg(M"| c ) = £/?Klog#(^c(A)/^c) - log#(^ c (B0/^c)) • 

Thus 

deg(ML) = lim deg(M n | ) > 

*- n—>co ll - 

Next we assume that C is flat over Z. Then 
deg(M n | ) = deg(M M '| ) 

I -1 

= ^^(log#(^c(A0/^c)-log#(^c(B/)/^ C )) + 2 E (^')can(y) 

i=l yeC(C) 
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and 



deg(ML) = deg(M I) 



ic 



c 



= Y j p i (\o S #(^c(A i )/^c)-^#(^c(B i )/^c)) + l Yj ^"Uty)- 

'=1 yeC(C) 

Let us consider a Zariski open set U of X with C D Lf 0. Let 

h n = u n + Yj.~ a m) log |(/)i| 2 (a.e.) and h = u + ^(-P<) lo g \<t>i\ 2 ( a - e -) 
be the local expressions of h n and h as before. Then 

K = u n + Y^(- a m) log \<pi^i\ 2 (a.e.) and h" = u + ^("PO l°g \<pi^i\ 2 (a.e.). 
Moreover, ((pi\pi)(y) e C x for all y e C(C) and t. Thus 

lim SUp(^')can(y) < (h") ca n{y)- 

11— >oo 

Therefore, 



lim SUp ^ (^")can(l/)< Yj l im SUp(/z")can(y) < ^ (^")can(l/), 

n ^°° yeC(C) yeC(C) yeC(C) 

which yields 

< limsupdeg(Mj ) < deg(Af| ). 



□ 



8. a-DECOMPOSITIONS ON ARITHMETIC SURFACES 

Let X be a regular projective arithmetic surface. We fix an F^-invariant con- 
tinuous volume form O on X(C) with f ^ O = 1. Let D = (D,g) be an effective 

arithmetic R-divisor of C°-type on X. For a 1-dimensional closed integral sub- 
scheme C on X, we set 

v c (D) := min jmult c (D + (0)) | <p e H°(X,D) \ {0}} 

as in Subsection 16.51 Moreover, we set 

F(D) = Fx(D) = v c (D)C and M(D) = Mv(D) = D - Fx(D). 

c 

Let F(D) be the complex vector space generated by H°(X, D) in H°(X, D) <g> z C, that 
is, V(D) := (H°(X,D)) C . 

Lemma 8.1. dist(V(D); g) is F^-invariant. 
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Proof. First of all, note that, for <p G Rat(X), F^(<£) = (p as a function on X(C). Let 
us see <0, ip) g G R for all (p,ipe <F/°(X, D)) R . Indeed, 

((p,ip) 8 = I #exp(-g)0 = - f F^(<^exp(-g)0) 

Jx(C) Jx(C) 

= - f F* OT ((/))F* 0O (^)F* oo (exp(-g))F* 0O (cD) 

Jx(C) 

= f #exp(-g)0 = <^,(£> g = 7&Wg. 

Jx(C) 

Thus ((/), xp) g yields an inner product of (i?°(X, D)) K , so that let <pi, ...,<|) N be an 
orthonormal basis of (H°(X, D))k over 1R. These give rise to an orthonormal basis 
of (H°(X,D)) C . Therefore, 

dist(V(D);g) = \ ( p 1 \ 2 g + --- + \ ( p N \ 2 g . 

Note that F^,(|(^|g) = = and hence the lemma follows. □ 

Here we define g F my g M {py M(D) and F(D) as follows: 

8m_ = ~ logdist (V(D); g) , g^ = g -j m = g + log dist ( V(D); g) , 
M(D) = (M(D), g M(n) ) , F(D) = (F(D), g f(5) ) . 
Let us check the following proposition: 

Proposition 8.2. (1) #°(X,D) C H°(X,M(D)). 

(2) g M p) zs flW M(D)-Green function o/(C°° n PSH)-iypf? on X(C). 

(3) g f(5) is an F(D)-Green function of(C° - C°° n PSH)-fype oyer X(C). 

(4) M(D) z's ne/. 

Proo/. (1) If <f> G H°(X,D) \ {01, then (0) + D > F(D), and hence ((p) + M(D) > 0. 
Note that \<f>\* = dist(V(D);g)|0g for (p G H°(X,M(D)). Thus, as \\<f>\\ g < 1, by 
Proposition 13.2.11 

k/4_ =|^/dist(y(D);g)<||^|| 2 ? <l. 

Therefore, (p G H°(X,M(D)). 

(2), (3) Let us fix x G X(C). We set 

v x := min{mult x (D + (<£)) | (p G y(D) \ {0}}. 

Note that mult x (D + (cp)) - mult x (D) + ord x ((p). First let us see the following claim: 

Claim 8.2.1. (a) If (pi, . . . , (p n G V(D) \ {0} and V(D) is generated by (pi,..., (p„, 
then v x = min{mult x (D + ((pi)), mult T (D + ((p n ))}- 
(b) v x = mult T (F(D)). 

Proof, (a) is obvious. Let us consider the natural homomorphism 

(ft°(X,D)) z ® z x ^ & X {\P\), 

which is surjective on X \ Supp(D) because < |_DJ < D. In particular, 
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is surjective on X(C) \ Supp(D)(C), so that if x e X(C) \ Supp(D)(C), then v x = 0. 
On the other hand, if x G X(C) \ Supp(D)(C), then mult x (F(D)) = because 
< F(D) < D. Therefore, we may assume that x G Supp(D)(C), so that there is a 
1 -dimensional closed integral subscheme C of X with x G C(C). Let ip\, . . . , ip„ be 
all elements of H°(X, D) \ {0}. Let r\ be the generic point of C. Then 

mult c (F(D)) = min{mult c (D) + ord^i), . . .,mult c (D) + ord,,^)}. 
Thus, by using (a), 

mult x (F(D)) = mult c (F(D)) 

= min{mult c (D) + ord J? (i/>i), . . . , mult c (D) + ord, ? (i/^„)} 
= min{mult T (D + (i/^)), . . . , mult x (D + (i/; n ))} = v x . 

□ 

Let (pi,.. .,<pN be an orthonormal basis of V(D) with respect to ( , ) g . Let 
g = u x + (-a) log |z| 2 (a.e.) be a local expression of g around x, where z is a local 
chart around x with z(x) = 0. For every i, we set (pi = z a 'Vi around x with V{ G ^(CU' 
Then \(pj\ 2 g = |z| 2(fl,+fl) exp(-u x )\vi\ 2 . By the above claim, 

v x = minjfli + a, . . . , a N + a} = mult x (F(D)). 

Thus 

N 

dist(V(D);g) = \z\ 2v * expi-u^Yj \z\ 2[a ' +a ~ Vx) \v l \ 1 . 

i=l 

Therefore, 

g m = u x - log \z\ 1(a ' +a ~ V 'W) - v x log |z| 2 , 
g M( D) = (l£i |z| 2(w) M 2 ) - (a - v,) log |z| 2 . 
Note that log(l2i \z\ 2{<H+a ~ Vx) \Vi\ 2 ) 

is a subharmonic C°° -function. Thus we get (2) 

and (3). 

(4) For (p G H°(X, D) \ {0} and a 1-dimensional closed integral subscheme C on 

X, as 

mult c (M(D) + ((/))) = mult c (D + ((p)) - v c (D), 
there is a i/> G H°(X, D) \ {0} such that mult c (M(D) + (i/>)) = 0. This means that 

C £ Supp(M(D) + (i/0). 
Then, by Proposition 13.2.11 < (jc) < 1 for all x G C(C) as before. Hence 

d^(M(D)| c ) = log#^c((^)+M(D))/^ c - X l °g\4>\g Mm ( x ^ - 

xeC(C) 

□ 

For n > 1, we set 

M n (D) := iM(nD), := -g M(M0)/ 

■ 

F n (D) := \Hn~D), g Fn(5) := ig F(n5) . 
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In addition, 

M n (D) := (m„(D), g Mn{15) ) and F n (D) := (f„(D), g Fn(t3) ) . 
Then we have the following proposition, which guarantees a decomposition 

D = Moo(D) + Foo(D) 

as described in the proposition. This decomposition D = M OT (D) + F^D) is called 
the a -decomposition ofD. Moreover, M OT (D) (resp. F OT (D)) is called the asymptotic 
movable part (resp. the asymptotic fixed part) of D. 

Proposition 8.3. There is a nef arithmetic K-divisor M OT (D) = (m ot (D), g Mco p)) on X 
HHifo the following properties: 

(1) mult c (M 0O (D)) = lim^oo mult c (M„(D)) /or all 1-dimensional closed integral 
subschemes C on X. 

(2) (g Mco( D)) is the upper semicontinuous regularization of the function given by 

x^limswp(g Mn(5) ) ca Jx) 

n— >oo 

over X(C) \ Supp(D)(C). In particular, 

(&US)L (*) = lim sup ((g M „ (n) ) can (x)) (a.e.). 

Moreover, z/D is ofC°°-type, then lim^oo ([g Mn (pJ) (*)) exists. 

(3) deg(M 0O (D)| c ^ > limsup^^ deg(M„(D)| c ) holds for all 1-dimensional closed 
integral subschemes C on X. 

(4) If we set F^D), g Foo ^ and F OT (D) as follows: 

F 00(D) := D - MUD), 

1 Sfoo(P) := S ~ SMoc(5y _ 
Foo(D) := (F M (D), g^) (= D - AMD)), 

then pc(D) = mult c (F co (D))/or all 1-dimensional closed integral subschemes C 
on X and F OT (D) is an effective arithmetic K-divisor of (C° - PSH R )-iype. In 
addition, ifD is of C" -type, then there is a constant e such that 

n S Fm (p) ^ %F(nD) + 3 lo g(" + 1) + e (a.e.) 

for all n>l. 

(5) If D is of C" -type, then there is a constant e' such that 

l°(X,nM M (D)) < h°(X,nD) < h°(X,nM m (D)) + e'n\og(n + 1) 
for all n>l. 
Proof It is easy to see that 

mult c (F((n + trip)) < mult c (F(nD)) + mult c (F(raD)) 
for all n,m>l and 1-dimensional closed integral subschemes C. Thus 

lim mult c (F„(D)) 



ZARISKI DECOMPOSITIONS ON ARITHMETIC SURFACES 67 

exists and 

lim mult c (F„(D)) = inf{mult c (F, ; (D))}. 

Therefore lim„^oo multc(M )3 (D)) exists because M„(D) = D - F n (D). Note that 
[ic(D) = lim^oo multc(F„(D)) as multc(F„(D)) = v c (D)/n (cf. Subsection |6.5|) . 

Claim 8.3.1. Let hbe a D -Green function ofC°°-type. Then there is a positive constant 
A such that, for x e X(C) \ Supp(D)(C), 

log(dist(V(rcD);n/i)(x)) 
lim 

exists in R< and 

log(dist(V(nD);n/z)(x)) - log(A(n + l) 3 ) 
lim 



11 



= sup 

n>l 



log (dist(V(nD);n/i)(x)) - log(A(n + l) 3 ) 



n 



Proof. First of all, note that ®^° =0 V(nD) is a graded subring of (£)™ =Q H°(X,nD). 
By Theorem 13.2.31 there is a positive constant A such that 

dist(V(nD);nh) < A(n + l) 3 

and _ _ _ 

dist(V(nD); nh) dist(V(mD); mh) dist(V((n + m)D); (n + m)/i) 
A(n + 1) 3 A(ra + 1) 3 ~ A(n + m + l) 3 

for all n,m > 1. Moreover, dist(V(nD); nh)(x) * for x e X(C) \ Supp(D)(C). Thus 
the claim follows. □ 

By using the Stone- Weierstrass theorem, for a positive number e, we can find 
continuous functions u and u with the following properties: 

ju > 0, IMIsup <e, h := g + u is of C°°-type, 
\v > 0, ||u|| S up < e, ft' := g - v is of C°°-type. 

By Lemma [3.2.21 

exp(-ne)dist(V(ttD);n/z') < dist(V(n~D);ng) < exp(ne) dist(V (nD);nh). 
Thus, by the above claim, for x £ X(C) \ Supp(D)(C), 

log(dist(V(nD);ng)(x)) 
lim sup 

n— >oo ' *- 

exists in {a e R | a < e}. Since e is arbitrary positive number, we actually have 

log(clist(V(nD);ng)(x)) 
(8.3.2) lim sup < 0. 

fl— >oo ^1 

This observation shows that lim sup TO [g M ,™) (x) exists in R for x e X(C) \ 

^^^^^ \ n\ // ca.n 

Supp(D)(C). Therefore, by Theorem 17. 11 there is a nef arithmetic R-divisor 

MUD) = (M 00 (D),g Mo3(T5) ) 
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satisfying (1), (2) and (3). Further the last assertion of (2) is a consequence of the 
above claim. 

Let us see (4). Obviously /.tc(D) = multc(Fco(D)) because 

Hc(D) = lim mult c (F n (D)). 

n— >oo 

Note that 

log(dist(V(nD);ng)(x)) 
Uf.(B) j can (*) = - lim SU P ( a - e -)- 

n—*oo 11 

on X(C) \ Supp(D)(C). Thus yields (g Foo p)) can (*) > (a.e.). Hence F«(D) is 

effective. Moreover, it is obvious that g Foo p) is of (C° - PSH K )-type because g is of 

C°-type and g Mm (p) is of PSH K -type. 

We assume that D is of C°°-type. By the above claim, there is a positive constant 
A' such that 

log(dist(V(nD);rc£)(x)) 
- lim 

- log(dist(y(nD);ng)(x)) + log(A'(n + l) 3 ) 
= lim 



= inf 



log (dist(V(nD); ng)(xj) + log(A'(n + l) 3 ) ' 



n>\ n 

on X(C) \ Supp(D)(C). Thus, for n > 1, 

- log(dist(y(nD);ng)(x)) + log(A'(n + l) 3 ) 

&Wd)^ " ( a - e -)- 

which implies the last assertion of (4). 

Finally let us check (5). By (4), we have Moo(D) < D, so that 

h°(X,nM m (D)) < h°(X,nD) 
holds for n > 1. Moreover, by (4) again, 

nM OT (D) + (0,3 log(n + 1) + log(A')) > M(nD) 
for all n > 1. Thus, by using (1) in Proposition 18.21 

h° (X, nD) < h° (x,M(nD)) < h° (X, nM OT (D) + (0, 3 log(n + 1) + log(A'))) . 

Note that there is a positive constant e' such that 

h° (X, nM M (D) + (0, 3 log(n + 1) + log(A'))) < h\X, nM M (D)) + e'rc log(n + 1) 

for all n > 1 (cf. [13, (3) in Proposition 2,1] and [15, Lemma 1.2.2]). Thus (5) 
follows. □ 

9. Zariski decompositions and their properties on arithmetic surfaces 

Throughout this section, let X be a regular projective arithmetic surface and let 
2? be a type for Green functions on X. We always assume that PSH is a subjacent 
type of iT. 
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9.1. Preliminaries. In this subsection, we prepare several lemmas for the proof 
of Theorem |9.2.1[ 

Lemma 9.1.1. We assume that is either C° or PSH R . Let Mbe a 1-equidimensional 
complex manifold and let D\, . . . , D„ be ~R-divisors on M. Let g\,...,g n be locally 
integrable functions on M such that gi is a D {-Green functions of 27 -type for each i. We 
set 

g(x) = max{g!(x), . . . , g n (x)\ (x e M) 

and 

D = \* max{mult^(D 1 ), . . . , mult x (D n )}x. 

xeM 

Then g is a D-Green function of ST -type. 

Proof For x G M, let z be a local chart of an open neighborhood U x of x with 
z(x) = 0, and let 

g t =m- at log |z| 2 (a.e.), . . . , g n = u„ - a„ log |z| 2 (a.e.) 

be local expressions of gi,...,g n respectively over U x , where a\ = mult T (D,) and 
Ui G 2 r (U x ) for i = 1, . . . , n. Clearly we may assume that at = maxjfli, . . . ,a n \. First 
of all, we have 

g = maxjw; + (at - ai) log |z| 2 | i = 1, . . . , n] - at log |z| 2 (a.e.) 
over U x . In addition, the value of 

u := maxjuj + (at - ai) log |z| 2 | i = 1, . . . , n} 

at y G U x is finite 

First we consider the case where 2? = PSHr. Then Ut, • • • , u n are subharmonic 
over U x , so that u, + (at - ai) log |z| 2 is also subharmonic over U x for every i. 
Therefore, u is subharmonic over U x . 

Next let us see the case where = C°. We set I = {i \ = fli}. Then, shrinking 
U x if necessarily, we may assume that Ut > Uj + (at - ai) log |z| 2 on U x for all j £ I. 
Thus u = maxju, | i G I}, and hence u is continuous. □ 

Lemma 9.1.2. We assume that is either C° or PSH K . Let 

Dt = (D t , gt), ...,D n = (D n , g n ) 

be arithmetic H-divisors of 3^-type on X. We set 

max{Di, . . . , D n } := X c max{mult c (D 1 ), . . . , mult c (D n )}C, 
maxjDx, . . . , D n ] := (max{D!, . . . , D n ], max{gi, . . . , g n }). 

Then we have the following: 

(1) max{Di, . . . , D„} is an arithmetic "R-divisor of 27 '-type for D. 

(2) If 27 = PSH R and Dt, ...,D„are nef then maxjDi, . . . , D,,} is nef. 

Proof. (1) It is obvious that max{gi, ...,g n } is Foo -invariant, so that (1) follows from 
Lemma I9TT1 ' ' _ 

(2) For simplicity, we set D = max{Di, . . . ,D„\, g = max{gi, . . . ,g n \ and D = 

maxjDi, . . . , D n }. Let C be a 1-dimensional closed integral subscheme of X. Let y 
be the generic point of C. Since the codimension of 

Supp(D - Dt) n • • • n Supp(D - D„) 
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is greater than or equal to 2, there is i such that y £ Supp(D - D,). By Proposi- 
tion [23]4l g - gj is a (D - D,)-Green function of (PSH R - PSH R )-type and g- gi> 
(a.e.). Moreover, as x £ Supp(D - D ( ) for x G C(C), by Proposition 12.3.41 

(g ~ gi)cm(x) > 0. 

Therefore, deg (d - D,| c ) > 0, and hence 

dei(D| c )>d5(D4)>0. 

□ 

Lemma 9.1.3. Let (D, g) be an effective arithmetic H-divisor of C°-type on X and let E 
be an R-divisor on X with < E < D. Then there is an F '^-invariant E-Green function h 
of (C° n PSH)-type such that 

0<(E,h)<(D,g). 

Proof Let h\ be an F^-invariant E-Green function of (C°° n PSH)-type. There is 
a constant C\ such that h\ + Q < g (a.e.). We set h = max{hi + Ci,0}. Then, 
by Lemma 19.1 .11 h is an -invariant E-Green function of (C° n PSH)-type and 
< h < g (a.e.). □ 

9.2. The existence of Zariski decompositions. Let D = (D, g) be an arithmetic 
R-divisor of 5^-type on X such that g is of upper bounded type. Let us consider 

(-oo, D] n Nef(X) R = {M | M is nef and M < D}. 
The following theorem is one of the main theorems of this paper, which guarantees 
the greatest element P of (— °o,D] n Nef(X) K under the assumption (— oo,D] n 
Nef(X) K ^ 0. If we set N - D - P, then we have a decomposition D = P + N. It is 
called the Zariski decomposition ofD, and P (resp. N) is called the positive part (resp. 
negative part) of D. 

Theorem 9.2.1 (Zariski decomposition on an arithmetic surface). If 

(-oo,D]nNef(X) R *0, 

thenthereisP = (P,p) £ (-oo, D]nNef(X) ]R suchthat P is greatest in (-oo, D]n Nef (X) R , 

f/zaf z's, M<P for all Me (-oo,D] n Nef(X) R . Moreover, z/D z's of C° -type, then P is 
also of C°-type. 

Proof. For a 1-dimensional closed integral subscheme C of X, we put 

fl(C) = sup{mult c (M) | (M,g M ) e (-oo,D] n Nef(X) R }. 

We choose Mo = (M , go) e (-oo,D]nNef(X) R . Then mult c (M ) < fl(C) < multt(D) 
by Lemma 19.1.21 Let {Q, . . . , Q} be the set of all 1-dimensional closed integral 
subschemes in Supp(D) U Supp(Mo). Note that if C g {Ci, . . . , Q}, then a(C) = 0. 
Thus we set P = Ec a (QC. 

Claim 9.2.1.1. F/zere z's a sequence {M n = (M n , g n )}™ =0 in (-oo, D] n Nef(X) R such that 
M n < M n+ ifor alln>0 and that 

lim multc (M n ) = a(Q) 

n— >oo 

/or all i = 1, . . . , n. 
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Proof. For each z, let {M; /n }°° =1 be a sequence in (-00, D] n Nef(X) R such that 

lim multc,(Mi,„) = a(Q). 

n— >oo 

WesetM„ = max j{M l U {Mi,j}i<i<i,i<j< n }iorn > 1. ByLemma l9.1.2l M w e (-oo,D]n 
Nef (X) R . Moreover, M„ < M n+1 and 

lim multq (M n ) = a(Q) 

n— >oo 

for all z. □ 
Since PSH is a subjacent type of & , by using Lemma 12.3.11 

(go)can < • • • < (gn)can < (gn+l)can < 1 " 1 < gcan 

holds on X(C) \ (Supp(D) USupp(M ))(C), which means that lim„^ 0O (g„) can (x) exists 
for x G X(C) \ (Supp(D) U Supp(M ))(C). Therefore, by Theorem O there is an 
Foo-invariant P-Green function h of PSH R -type on X(C) such that (P, h) < D and 
(P, h) is nef. Here we consider 

[(P, fe), D] n Nef(X) R = {(M, g M ) | (M, g M ) is nef and (P, fe) < (M, g M ) < D}. 

Note that M = P for all (M, g M ) € [(P, h), D] n Nef (X) K . 

Claim 9.2.1.2. IfP = (P, p) is the greatest element of [(P, h), D] n Nef (X) R , f hen P z's a/so 
i/ze greatest element o/(-oo, D] n Nef(X) R . 

Proof For (N,g N ) e (-00, D] n Nef(X) R , we set (M, gM) = (max{P,N},max{?z,g N }). 
Then 

(M,g M )e[(P,fr),D]nNef(X) R and (N,g N ) < (M,g M ). 
Thus the claim follows. □ 

By Proposition 14.41 there is a P-Green function p of PSH R -type such that p < 
g (a.e.) and p can is the upper semicontinuous regularization of the function p' given 

by _ 

p'(x) := sup{(g M )canW I M G [(P,h), D] n Nef(X) R } 

over X(C) \Supp(P)(C). Since (^mW is Foo-invariant on X(C) \Supp(P)(C), p' is also 
Foo-invariant, and hence pis Foo-invariant because p = p' (a.e.) onX(C)\Supp(P)(C) 
(cf. Subsection EE). We set P = (P,p). Then (P,h) <P <D and hence P is nef by 



Lemma 16.2.31 In addition, P is the greatest element of [(P, h), D] n Nef(X) R . 

Finally we assume that D is of C°-type. Let e be the degree of P on the generic 
fiber of X -> Spec(Z). As P is nef, we have e > 0. Let X(C) = Xi U • • • U X r be 
the decomposition into connected components of X(C). We set P = X,;=i H,j a ijPij 
on X(C), where P ;; G X, for all i and /. Note that e = Y,j a ij f° r all z. Let us fix a 
C°° -volume form coi on X, with JC, tUj = 1. Let p !; be a P,y-Green function of C°°-type 
on X, such that drf c ([p !; ]) + (5p ;/ = [coi]. We set p' = YJi=iYij a ijPij- Thenp' is a P-Green 
function of C°°-type and 

dd\\p'\) + 5 P = Y j (Tan) [*>i] = eJj.Mil 

i=l 1 i=l 
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Thus, if e > 0, then dd c ([p']) + 5 P is represented by a positive C°°-form eYl%=\ w i 
Moreover, if e = 0, then dd c ([p']) + 5 P = 0. Let us consider 



cp is a P-Green function of PSH-type 
on X(C) with cp < g (a.e.) 



By Theorem 14.61 the above set has the greatest element p modulo null functions 
such that p is a P-Green function of (C° n PSH)-type. Since g is Poo -invariant, we 
have P^(p) < P^(g) = g (a.e.). Moreover, by Lemma 15.1.11 and Lemma 15.1.21 P^(p) 
is a P-Green function of PSH-type. Thus P^,(p) < p (a.e.), and hence 

p = FJFJp)) < FKp) (a.e.). 

Therefore, p is P TC -invariant. Note that (P, p) is nef because p < p (a.e.). Hence 
p = p (a.e.). □ 

9.3. Properties of Zariski decompositions. Let D = (D, g) be an arithmetic R- 
divisor of i^-type on X such that g is of upper bounded type. First of all, let us 
observe the following three properties of the Zariski decompositions: 

Proposition 9.3.1. We assume (-oo, D] n Nef(X) K ^0. Let D = P + N be the Zariski 
decomposition ofD. Then we have the following: 

(1) For a non zero rational function <p on X, D + (cp) = (P + (cp)) + N is the Zariski 
decomposition ofD + (cp). 

(2) For a e JR >0 , aD = aP + aN is the Zariski decomposition ofaD. 

Proof Note that ±((p) is nef and that 

T5 1 < D 2 T5 1 + (f ) < D 2 + {$) 

and 

Di < D 2 aDx < aD 2 

for arithmetic R-divisors D\, D 2 , a non-zero rational function (p and fl G R>o. Thus 
the assertions of this proposition are obvious. □ 

Proposition 9.3.2. (1) Jf^°(X,flD) ± Ofor some a e R >0/ then 

(-oo,D]nNef(X) K ^0. 

(2) IfD is of C° -type and (-oo, D] n Nef(X) K + 0, then D is pseudo-effective. 

Proof (1) We choose <f> e H°{X,aD) \ {0}. Then aD + (J) > 0, which implies 

D > (-l/a)(0). Note that (-l/fl)(f) is nef, so that (-l/a)(f) e (-oo,D] n Nef(X) K , 
as required. 

(2) Let D = P + N be the Zariski decomposition of D and let A be an ample 
arithmetic R-divisor. For n £ Z>o, by Proposition 16.2.21 P + (l/n)A is adequate. In 
particular, vol(P + (1 In) A) > 0, and hence 

vol(D + (l/n)A) > vol(P + (l/n)A) > 0, 
which shows that D is pseudo-effective. □ 
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Proposition 9.3.3. We assume that D is of C°°-type and D is effective. Let P be the 
positive part of the Zariski decomposition ofD. Then there is a constant e' such that 

h°(X,nP) < h°(X,nD) < h°(X,nP) + e'nlog(n + 1) 

for all n > 1. In particular, vol(P) = vol(D). 

Proof. The assertion is a consequence of Proposition |8.3l because Moo(D) < P. □ 
The following theorem is also one of the main theorems of this paper. 

Theorem 9.3.4. We assume that D is of C°-type and (-oo, D] n Nef(X) R + 0. Let P 

(resp. N) be the positive part (resp. negative part) of the Zariski decomposition of D. 
Then we have the following: 

(1) \Jd(P) = vd(D) = cUj(P 2 ). 

(2) deg(P| c ) = for all 1-dimensional closed integral subschemes C with C c 
Supp(N). 

(3) If M is an arithmetic H-divisor of PSH R -fype on X such that < M < N and 
deg(M| c ) > for all 1-dimensional closed integral subschemes C with C c 

Supp(N) 7 then M = 0. 

(4) We assume N ± 0. Let N = C\C\ + ■ ■ ■ + C/Q be the decomposition such that 
C\,...,C\ £ R>o and C\, . . . , Q are 1-dimensional closed integral subschemes on 
X. Then the following hold: 

(4.1) There are effective arithmetic divisors (Q, hi), (Q, hj) of(C° n PSH)-type 

such that C\{C\,hi) H h c\{Ci,h\) < N. 

(4.2) If (Ci, ki), (Q, k}) are effective arithmetic divisors ofPSH R -type such that 

a\{C\, ki) h + «/(Q, ki) < N for some a\,...,a\ e R> 0/ then 

(-l) / det(d5((Q,fc ! )lc / ))>0. 

Proof. (1) It follows from Proposition l6.4.2l that vol(P) = deg(P ). We need to show 
vol(P) = vol(D). If vol(D) = 0, then the assertion is obvious, so that we may 
assume that vol(D) > 0. 

First we consider the case where D is of C°°-type. We choose a positive integer 
n and a non-zero rational function <p such that nD + (cp) is effective. By Propo- 
sition [937TJ the positive part of the Zariski decomposition nD + (cp) is nP + (cp). 
Thus, by using Proposition 19.3.31 

n 2 vol(P) = vol(nP) = vol(nP + (f)) = vol(nD + (J)) = vol(nD) = n 2 vol(D), 
as required. 

Let us consider a general case. By the Stone-Weierstrass theorem, there is 
a sequence {u n }™ =1 of non-negative -invariant continuous functions such that 

lim^oo lli/nllsup = and D n := D - (0,u n ) is of C°°-type for every n > 1. By the 

continuity of vol (cf. Theorem I5.2.2|) , 

lim vo\(D„) = vol(D). 
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In particular, D n is big for n » 1. Let P„ be the positive part of the Zariski 
decomposition of D n . Since P„ < D n < D and P n is nef, we have P n < P, and hence 

vol(D„) = voi(P„) < vol(P) < vol(D). 
Thus the assertion follows by taking n — > oo. 

(4.1) Before starting the proofs of (2), (3) and (4.2), let us see (4.1) first. By 
Proposition 12.4.21 there are effective arithmetic divisors (Ci, h^), . . . , (Q, h',) of C°- 

type such that Ci(Q,/ij) + • • • + c/(Q,/i ; ') = N. For each z', by using Lemma [9.1.31 
we can find an effective arithmetic divisor (Q, fo;) of (C° n PSH)-type such that 
(Ci,hi) < (Ci,^), as required. 

(2) We may assume N ± 0. We assume deg(P ) > for some i. By (4.1), 

< cKQA) < N. 

Note that if C is a 1-dimensional closed integral subscheme with C ^ C„ then 

deg((Q,/z,)lc)>0. 

Thus, since deg(P| c ) > 0, we can find a sufficiently small positive number e such 
that P + e(Q, hi) is nef and P + e(Q, fa,) < D. This is a contradiction. 

(3) Since < M < N, if C is a 1-dimensional closed integral subscheme with 
C <£ Supp(N), then deg(M| ) > 0. Thus M is nef, and hence P + M is nef and 
P + M < D. Therefore, M = 0. 

(4.2) By Lemma Tl.2.31 it is sufficient to see the following: if . . . , /3/ £ ]R> and 

d^i(OSi(Ci,fci) + ■ • ■ + j3KQ,fcO)| Q ) > 

for all i, then jSi = - - - = j8/ = 0. Replacing f>\,...,f>i with fj8i, ...,tf>i(t> 0), we may 
assume that < jS, < a, for all i. Thus the assertion follows from (3). □ 

Theorem 9.3.5 (Asymptotic orthogonality of a-decomposition). IfD is of C° -type, 
effective and big, then 

limdei(M„(D)|P, ; (D)) = 0. 

{For the definition ofM n (D) and F n (D), see Section^) 
Proof. Let us begin with the following claim: 
Claim 9.3.5.1. P = M OT (D) and N = F^D). 

Proof. First of all, note that M OT (D) < P and Poo(D) > N. Since D is effective, 
(0,0) G (-oo,D] n Nef(X) R , so that P is effective. Then, by (2) of Proposition [6321 

iUc(D) < ;Uc(P) + multc(N). 

Moreover, by Proposition 16.5.31 fic(P) = because P is nef and big. Thus we have 

mult c (Poo(D)) = Li c (D) < multc(N), 

which implies Poo(D) < N. Therefore, N = Poo(D), and hence P = M^D). □ 
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Claim 9.3.5.2. deg (aL(D)| c ) = 0/or any 1-dimensional closed integral subscheme C 
with C c Supp(N). 

Proof. Since M TC (D) < P and P = M^D), there is G (C° - PSH K )(X(C)) such 

that (p > and P = Moo(D) + (0,<ft). Thus, for a 1-dimensional closed integral 
subscheme C with C c Supp(N), by (3) in Theorem 19.3.41 

< dei(Moo(D)| c ) < d5(P| c ) = 0, 
as required. □ 

Let Ci, . . . , Q be irreducible components of Supp(D). We set F n (D) = Yii=i ^niQ 
and Foo(D) = X^fl/Q. Then lim^^a,,, = a,. Moreover, if we set I = {i \ a t > 0}, 
then [j ieI Cj = Supp(N). Therefore, by the above claim and (3) in Proposition 18.31 

< liminf deg (M„(D) | F, ; (D)) < lim sup deg (m„(D) | F n (D)) 

I ( 

< lim sup fl m deg (M n (D)| c ) = a t lim sup deg (M n (D)| c ) 
= ^«ilimsupd5(M M (D)| c ) < ^^^(MooP)^ ) = 0. 

iel n ^°° ' iel 

Hence the theorem follows. □ 
Finally let us consider Fujita's approximation theorem on an arithmetic surface. 

Proposition 9.3.6. We assume that D is C°-type and vol(D) > 0. Then, for any e > 0, 
there is A e Div c »(X) R such that 

A is nef, A <D and vol(A) > vol(D) - e. 

Proof. By using the continuity of vol, we can find a sufficiently small positive 
number 5 such that 

vol(D - (0, 6)) > max{voi(D) - e, 0}. 

Let D - (0,5) = Pa + be the Zariski decomposition of D - (0,6). Since P§ is 
a big arithmetic R-divisor of C°-type, by Theorem 14.61 there is an Fco-invariant 
continuous function u on X(C) such that < u < 5 on X(C) and P5 + (0, u) is nef 
and of C°°-type. If we set A = P 5 + (0, u), then A<D and 

vol(D) - e < vol(D - (0, 6)) < vol(A). 

□ 

Remark 9.3.7. It is expected that the converse of (2) in Proposition 19.3.21 holds, 
that is, if D is of C°-type and D is pseudo-effective, then (-00, D] n Nef(X) R ^ 0. 

Remark 9.3.8. We assume that D is of C°-type, big and not nef. Let D = P+Nbe the 

Zariski decomposition of D and letN = C\C\ -I v C\C\ be the decomposition such 

that C\,...,C\ G R >0 and Ci, . . . , Q are 1-dimensional closed integral subschemes 
on X. Then C\, . . . ,C\ are not necessarily linearly independent in Pic(X) <2>z Q (cf. 
Remark I9A21 . 
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9.4. Examples of Zariski decompositions on P^. Let = Proj(Z[x, y]), C = 
{x = 0}, C OT = {y = 0} and z = x/y. Let a and jS be positive real numbers. We set 

D = C 0/ g = -log|z| 2 + logmax{a 2 |z| 2 /J 6 2 } and D = (D,g). 

The purpose of this subsection is to show the following fact: 

Proposition 9.4.1. The Zariski decomposition ofD exists if and only if either a > 1 or 
)5 > 1. Moreover, we have the following: 

(1) If a > 1 and jS > 1, fen D is nef. 

(2) if a > 1 and jS < 1, then the positive part ofD is given by 

(0C O , -0 log |z| 2 + log max{a 2 |z| 20 , 1}), 

where 6 = log a/ (log a - log jS). 

(3) If a < 1 and j6 > 1, fen fe positive part ofD is given by 

(C - (1 - 0')C M/ -log|z| 2 + logmax{|zr^ 2 }) / 

where 6' = log jS/ (log jS - log a). 
Proof. Let us begin with the following claim: 
Claim 9.4.1.1. For a,b,Ae R>o, we set 

L = AC , = -A log |z| 2 + logmax{a 2 |z| 2A ,b 2 } and L = (L,h). 

Then we have the following: 

(a) L is an arithmetic K-divisor o/(C° n PSH)-type. In additions, L is effective if and 
only if a > 1. 

(b) H°(P^L) = ; , zo ^ A Zz- ; . 

(c) For i e Z wif/i < i < A, Hz^'lU = x _^ ¥ , y 

(d) Fors = Lo< ! <AC i z- i 'eH°(P^L) / 

» >- Jz(^x) 2 • 

\ 0<i<A 

(e) £°(P^,L) = {0} i/a <\andb<\. 

(f) L is nefif and only if a>\ and b>\. 

(g) L is adequate if a 1 > 2 A and b 2 > 2 A . 

Proof, (a) and (b) are obvious, (c) is a straightforward calculation, (e) follows from 
(d). Let us see (d) , (f) and (g). 
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(d) Indeed, 



||s|lfe ^ sup {|s|ft(Q} = - sup 

\Q=(b/a)J \Q=(b/a)J 



0<!<A 




f deft/a)^ exp(2n V^T(; - i)t)dt 

0<i,j<A J° 



< 0<i<A 



-i/Atf/A ) ■ 



(f) It is easy to see that deg(L| c ) = log(fc) and deg(L| c ) = log(a). For y e Q, 

let Cy be the 1 -dimensional closed integral subscheme of given by the Zariski 
closure of {(y : 1)}. Then 

deg(I| c ) > Yj (~ A lo 8 \°tY)\ + lo § max{a|(7(y)| A , &}) . 

aeC y (C) 

Thus (f) follows. 

(g) We choose 5 e R >0 such that a 1 > (2(1 + <5)) A and b 2 > (2(1 + S)) A . Then, as 
Alog((l + <5)|z| 2 + (1 + 6)) < Alogmax{2(l + <5)|z| 2 ,2(l + 6)} < logmax{a 2 |z| 2A ,& 2 }, 

we have 

A(C , - log |z| 2 + log((l + 6)|z| 2 + (1 + 6))) < L. 
Note that (C , - log |z| 2 + log((l + 6)|z| 2 + (1 + 6))) is ample. Thus (g) follows. □ 

Next we claim the following: 

Claim 9.4.1.2. If a < 1 and j6 < 1, then the Zariski decomposition ofD does not exists. 

Proof. For t > 0, we set 

D f = (C , - log |z| 2 + log max{£ 2 a 2 |z| 2 , f 2 ^ 2 }). 

It is easy to see that 

aD u + bD h = (a + b)D . i 

for t 1/ f 2 s R >0 and a,b €. R>o- Moreover, by (g) in Claim 1974.1.11 D to is adequate 
if f » 1. We assume that the Zariski decomposition of D exists. Let P be the 

positive part of D. We choose e > such that t^ +e a < 1 and t* +e ft < 1. P + eD to is 
adequate by Proposition 16.2.21 Thus, by Proposition 16.2.11 



vol D 



vol((l + e)D i ) 



+e ) vol(D + eD tQ ) vol(P + eD fo ) 



> 



v „ , (1 + e) 2 (1+e) 2 ~ (1+e) 2 

which yields a contradiction by virtue of (e) in Claim 1974.1.11 



>0, 



□ 
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By the above claim, it is sufficient to see (1), (2) and (3). (1) follows from (f) in 
Claim I9ALT1 

(2) In this case, D is effective. Thus the Zariski decomposition of D exists. First 
we assume that a > 1, so that < < 1 and a l ~°fi e = 1. Let us see the following 
claim: 

Claim 9.4.1.3. <H (P^,nD)> z = ® ^ Zr*. 

Proof. By (c) in Claim I9ALTI ||z- ! '|| ng = Thus zr* £ H°(P^,nD) for < i < n6. 
For s = £ " =0 fl < z " ! e H °( p z' nD )' b Y ( d ) 111 Claim 19.4.1.11 



Idling ^ 



E(w«) J 



i=0 



Thus, if ||s|| Mg < 1, then a; = for i > nd, which means that s e ® o<1 - <n0 Zz '. □ 
Claim 9.4.1.4. D is big and 

m ; \0 ifC±C 
for a 1-dimensional closed integral subscheme C o/P^. 

Proof Note that (z" ! ) + nD = (n - i)Co + iC m . Thus the second assertion follows 
from Claim I9A1.3I Let us see that D is big. We set 



S„ = I ^ a { z~ 

{0<i<nd/3 



It is easy to see that S n c H°(P^, nD) for n » 1. Note that, for M e R> , 
#{a e Z | |a| < M} = 2LMJ + 1 > |MJ + 1 > M. 

Therefore 

#(S H )> [I pT=e=p-e 

O<!<n0/3 



which implies 



£<Vv nwi -log^Ln0/3J(Ln0/3J + l) 
/i u (X,nD) > log#(S„) > — ^ 2 



for n » 1, and hence vol(D) > 0. □ 
We set 

P' = dC , p' = -01og|z| 2 + logmax{« 2 |z| 20 ,l} and P = (P',p'). 

By Claim I9AL41 and Claim l933H in the proof of Theorem 19331 if P = (P, p) is the 
positive part of the Zariski decomposition, then P = 0C O . Let us see that P = P. 
First of all, P < D and P is nef by (f) in Claim I9ALT1 Thus P < P, and hence 
there is a continuous function u such that u > and P = P + (0, w). Note that 

< u < -(1 - 0)log|z| 2 + logmax{a 2 |z| 2 , J 6 2 } - logmax{a 2 |z| 20 , 1}. 
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In particular, if |z| > p^ , then u(z) = 0. As p = -01og |z| 2 + u on {z | |z| < jS^e}, u is 
subharmonic on {z | |z| < /3 }. Thus, by the maximal principle, 

u(z) < sup {u(Q} = 0, 

which implies that u(z) = on {z | |z| < j6i^}. Therefore P = P. 

Finally let us consider the case where a = 1. Let P be the positive part of D. For 
f G (1,1 /jS), we set 

D f = (C , - log |z| 2 + logmax{£ 2 |z| 2 , f 2 j3 2 }) 

as in the proof of Claim 19.4.1.21 Then D < D f and, by the previous observation, 
the positive part P t of D t is given by 

P t = (<9 t Co,-0 f log|z| 2 + logmax{£ 2 |zrM}), 
where d t = log t/(- log i 6). Therefore, (0, 0) < P < P u and hence P = (0, 0) as i -» 1. 

(3) If we set D = D - (z), then D = (Coo, - log \w\ 2 + log max{jS 2 |zy| 2 , a 2 }), where 
w = y/x. Thus, in the same way as (2), we can see that the positive part of D is 

(0'Coo, -0' log M 2 + logmaxl^M 20 ', 1}), 
where Q' = log j6/(log /3 - log a), so that the positive part of D = D + (z) is 

(Co - (1 - <9')Coo,-log|z| 2 + logmax{|zr', i S 2 }) 
by Proposition l9~3Tl □ 

Remark 9.4.2. Let us choose a, a', ft' e R>o such that a > 1, a' > 1, a$' < 1 and 
a'$<\. We set 

M = Co + Coo, <P = - log \z\ + log max{a \z\ , fr) + log maxja , jS |z| } 

and M = (M, <p), that is, 

' - log |z| 2 + log^'jS) 2 if |z| < p/a, 
(p = I log(««') 2 if P/a < |z| < a' IP', 

log |z| 2 + log^') 2 if \z\ > a' IP'. 

It is easy to see that M is an effective arithmetic divisor of (C° D PSH)-type and 

that _ _ 

deg(M| Co ) = log(a'j8) and deg(M| c J = log(aj8'). 

If we set 

log a + log a' log a + log a' 

log a - log p ' log a' - log jS' 

and 

xp = -^log|z| 2 + logmax{« 2 |z| 28 ,«'" 2 } + logmax{a' 2 ,a" 2 |z| 2S '}, 

that is, 

'— $log|z| 2 if \z\< p/a, 
ip = I log(aa') 2 if p/a < \z\ < a'/p', 
^' log |z| 2 \f\z\>a'/P', 
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then the positive part of M is 

(dCo + d'C^ip). 

This can be checked in the similar way as Proposition 19.4.11 For details, we leave 
it to the readers. In the case where a = a' = 1, the negative part of M is M itself, 
which means that the support of the negative part contains C and despite 

Co - Coo = (z). This example also show that if the positive parts of D and D are 
P and P respectively, then the positive part of D + D is not necessarily P + P . 

Remark 9.4.3. Let A be a positive real number. We set 

(p A = - log |z| 2 + log(|z| 2 + A) and M A = (C , (p A ). 

We denote Mi by L, that is, L = (C , - log |z| 2 + log(|z| 2 + 1)). It is easy to see that 

M A is an arithmetic divisor of (C°° n PSH)-type, deg(M^) = (log(A) + l)/2 and that 
M A is nef for A > 1. In particular, M A is big for A > 1. 

From now on, we fix A with < A < 1. By using an inequality: 

log(l + Ax)> A log(l + x) (x £ R> ), 
we can see that AL < M A , which means that M A is big. On the other hand, 

d5(M A | Co ) = log(A) < 0, 

so that M A is not nef. We set 

O a = dcf(log(|z| 2 + A)) = — dz A dz, 

2n V^Idzl 2 + A) 2 

which gives rise to an Foo-invariant volume form on P a (C) with f p u c ^A = 1- 
Moreover, we set 

(1) A is an R-divisor on P^. 
(A, g A ) (2) g A is an Foo-invariant A-Green function of C°°-type 
on P^C) such that dd c ([g A ]) + 5 A = (deg(A))0 A . 

which is the Arakelov Chow group consisting of admissible metrics with respect 
to O a due to Faltings 0. Let us see that the set 

{(A,g A ) e Drv OA (P^) R | (A, g A ) is nef and (0,0) < (A, g A ) < M A ] 

have only one element (0, 0). 

Indeed, let A = (A, g A ) be an element of the above set. Then there are constants 

a, b such that < a < 1 and A = aM A + (0, b). Since g A < (p A , we have b < (1 - a)(p A . 
Thus b < because <p A (oo) = 0. In addition, 

deg( AL ) = a log(A) + b > 0. 

In particular, b > 0, so that b = 0, and hence a log(A) > 0. Thus a = 0. 

This example shows that the Arakelov Chow group consisting of admissible 
metrics is insufficient to get the Zariski decomposition. 

Finally note that AL is not necessarily the positive part of M A because vol(M A ) > 

(log(A) + l)/2 (cf. Theorem [HU), vol(AL) = A 2 /2 and (log(A) + l)/2 > A 2 /2 for 
< 1 - A «: 1. 
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Remark 9.4.4. Let n be a positive integer and / e M[T] such that deg(/) = In and 
/(f) > for all t G R> . It seems to be not easy to find the positive part of 

(nC 0/ -n log |z| 2 + log/(|z|)) 
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